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2.1 INTRODUCTION

Combinatorics deals with the study of arrangements of objects. It is an important part of dis-
crete mathematics. Enumeration, the counting of objects to solve a variety of problems, is also
a key part of combinatorics. Counting is used to determine the complexity of algorithms, o
determine sufficient telephone numbers, or Internet protocol addresses to meet demand. More-
over, counting techniques are useful in computing probabilities of events.
| The basic rules of counting, which we will study in this chapter, can solve different types of
| problems. Another important combinatorial tool is the pigeonhole principle, which we will dis-
cuss in this chapter. Here, we will also study the recurrence relations, a tool for the analysis of
computer programs. In addition, the generating function, inclusion—exclusion principle, and its
applications will also be discussed here.

2.2 BASIC PRINCIPLES OF COUNTING

Counting problems exist throughout mathematics and computer science. Sometimes it is
necessary 1o count the successful outcomes of experiments and all their possible outcomes to
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2.2.1 Multiplication Principle (the Principle of Sequential c°Unt|
n
Suppose there 1s an event £ which can oceur in m ways and. independent of thie
is & second event # which can occur in n ways. Then the total number of (,(““,( e, "
events £ and F in the given order is mn. More guncru“y. suppose an event £ ¢ i enge ,.,“,
g . € (
ways. and. following £,. a second event £, can occur in ny ways. and '”““W”l}! 'l‘ up;

: n
event £ can occur in 7y ways, and so on. Then the total number of occurrence of "}’" agy"
e . Iy

\
Ve
Iy

£, E> Es. ..., inthe order indicated is 7 znanz- - -

I'he multiplication principle is also named as the fundamental principle of Couny;
ng

For AND — X’ (multiply)

@ ExampLe 2.1 Find the number of four-letter words, with or without meaning, Whic

formed out of the letters of the word ROSE, where the repetition of the letters i Hiot ]Ldn}
al]g,
W

Swlution There are as many words as there are ways of filling in four vacant places }, 4
letters, keeping in mind that the repetition is not allowed. The first place can be filleq € foy,
different ways by any of the four letters R, O, S, and E. Following which, the secong I'ln foy,

be filled in by any of the remaining three letters in three different ways, the third place €€
different ways, and the fourth place in one way. Thus, the number of ways in whic, : My,
places can be filled, by the multiplication principle (or, principle of countj € Toy,
433 X 2% 1 =24 Hence, the required number of words is 24. ng) i

If the repetition of the letters was allowed, how many words can be formed .,
the four vacant places can be filled in succession in four different ways. Hg, :Ch 0
required number of words is 4 X4 X4 X 4 = 256. €, th

ExampLE 2.2 Given four flags of different colours, how many different signals can be Z€ner,
if a signal requires the use of two flags one below the other? dleg

Solution There will be as many signals as there are ways of filling in two vacant plac, .
succession by the four flags of different colours. The upper vacant place can be filled i, f‘olz
different ways by any of the four flags; following which, the lower vacant place can he ﬁ"llr

in three different ways by any of the remaining three different flags. Hence, by multiplicali:
principle, the required number of signals is 4 X3 =12

2.2.2 Addition Rule (the Principle of Disjunctive Counting)

Suppose some event £ can occur in m ways and a second event F can occur in n ways, an
suppose both the events cannot occur simultaneously. Then, E or F can occur in m + n way
More generally, suppose an event £, can occur in n; ways, a second event E, can occur in .
ways, a third event £3 can occur in n3 ways, ..., and suppose no two of the events can ocox
at the same time. Then, one of the events can occurinny + ny + n3 + - ways.
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2.3 FACTORIAL NOTATION

l_t i ‘nalu-ral number, then the product of all the natural numbers from | to n is called “n-
factorial’. It is denoted by the symbol n! or | n
From the definition, '

n! = nn — 1)n — 2) s
The factorial notation n! can also be defined recursively as follow:

O0=1,(mn+ 1! =nin+ H,n=0
From the above recursive definition, we get

1l =01(1) =1, 2!=11Q2)=12a=ota5 =121
Q EXAMPLE 2.5 Find the value of 8!.

Solution Forn = 0,(n + 1)! = nl(n + 1)
Hence,

81 =(7+1)=78=6'78=135!6.18
= 4!156.7.8 =3'145.6.7.8
= 21345678 =1!23456.7.8
= 12345678
= 40,320

ExAMPLE 2.6 Simplify
3 n!

o E—_—Ty

(n + 1)!

(11) !




5 PERMUTATIONS (ARRANGEMENTS OF OBJECTS)

Any arrangement of a set of n objects in a definite order is called a permutation of the objects,
taken all at a time. Any arrangement of any r of these n objects (r = n) in a definite order 1is
called an r-permutation or a permutation of the n objects taken r at a time.
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different objects. The first place can be filled in n ways: following which, the secop C

1Y b
be filled in (7 — 1) ways. following which the thirfi place can be filled ir'l (,‘, -2 Wayg %ez'
rth place can be filled in {n(n — 1)} ways. Therefore, the number_oi ways O’f ﬁ]ling i r...'"u

places in successionisn (n — 1)(n — 2)--- {n e 1)} ornin = ... (o ,Va‘:?
Thus, by the fundamental principle of counting (mgltlpllcatlon rule), there are pe, "4
(n—2)-: -.(n — r + 1),r — permutations of the set, LLeiy .

' : "multati as there are ways of filling in , ,,
- Proof There will be as many permutations as the y g
wt
'
P

"P.= n(n — Wiri=2)% (=7 + 1)
[n(n — 1)n — 2)---(n — r + DI[(n = r)(n — r&z.”
- KM el
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n!

B (n—r)

Hence,

n!

(n — r)!

”B.:

m The number of permutations of » distinct objects taken » at » time js

n! n!

IIP= iy O
" tn-n O

n!

Again, consider three letters g, b, c. Then, there are 3!
letters, such as, abe, ach, bac, bca, cab, and chq.

; Examprg 2.10 How
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Mmany words of three distinct letters can be f; d f

Wt ormed from the letters of the

ifzjzgnn The number of three distinct letters can be formed from the four letters of the worg
1s
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3420 21

E Ex AMPLE 2.14 How many four-digit numbers can be formed using the digits 2, 4, 6, ““dk

When repetition of digits is allowed.

Solution Here. we have four digits. So,
Number of ways of filling unit’s place = 4
Number of ways of filling ten’s place = 4
Number of ways of filling hundred’s place = -+
Number of ways of filling thousand’s place = B

Thus. the total number of four-digit numbers = 4% = 256.

2.5.2 Circular Permutations

Instead of arranging the objects in a line, if we arrange them in the form of a circle, y, =

them circular permutations. In circular permutations, what really matters is the position of:"
L

object relative to the others.
Suppose n persons (a a> .. .a,) are o be arranged around a ring. There are n! ways |
> In

which they can be arranged in a row; on the other hand, all the linear arrangements

ap, ap, asz, dg, ..., 4y, A, as, dy, ...,4,,d)

Ap, 1,42, - .., Qu—1: Au—), Ay, 1,42, - - ., a,—2

will lead to the same arrangement in a ring. So, each circular arrangement corresponds y,
. 7 . : h
linear arrangements. Hence, the total number of circular arrangements of n persons is

!
fz__.=("_ 1)!
n

Thus, there are (n — 1)! permutations of » distinct objects in a circle.
If we consider the clockwise and anticlockwise arrangements in the circular permutatiop

then the following propositions can be possible:
(i) When distinction is made between the clockwise and the anticlockwise arrangements of

n different objects around a circle, then the number of arrangements = (n — 1).
(ii) If no distinction is made between the clockwise and the anticlockwise arrangements of »

different objects around a circle, then the number of arrangements = (1/2)(n — 1)!

g ExampLE 2.15 In how many different ways can five men and five women sit around a table. !
(a) there is no restriction?
(b) no two women sit together?
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Examriy 216 In how many Wiy "
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Solution Seven persons can sit around a table in 6! ways. But in clockwise and anticlockwise

urangements, cach person will have the same neighbour. So, the required number of
: |

Wwavs (1/2) X (6!) 60

Examrir 2.7 Find the number of ways in which eight different beads can be arranged to
form a necklace

. . % 1 av
Solution Fixing the position of one bead, the remaining beads can be arranged in 7! ways. But

there is no distinction between the clockwise and anticlockwise arrangements. So, the required
number of arrangements = (1/2) x (7!) = 2520.

COMBINATIONS (SELECTION OF OBJECTS)

Each of the different groups or selections which can be formed by taking some or all of a num-
ber of objects, irrespective of their arrangements, is called a combination.

Suppose we want 10 select two out of three persons A, B, and C. We may choose AB or BC
or AC, Clearly, AB and BA represent the same selection or group but they give rise to different
arrangements. Clearly, in a groups or selection, the order in which the objects are arranged is

immaterial.
For example

(1) The different combinations formed of three letters a, b, and c, taken two at a time, are ab,
be, and ca.

(i1) The only combination that can be formed of three letters a, b, and ¢ taken all at a time., is abc.

(iii) Various groups of two out of four persons A, B, C, and D are AB, AC, AD. BC, BD, and CD.

Difference between a permutation and a combination: In a combination, only a group i
made and the order in which the objects are arranged is immaterial. On the other hand, in a per
mutation, not only a group is formed, but also an arrangement in a definite order is considered

For example

(1) ab and ba are two different permutations, but each represents the same combination.
(i1) abc, ach, bac, bea, cab, and cha are six different permutations, but each one of them rej
resents the same combination, namely a group of three objects a, b, and c.
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In the present topic, we concentrate on counting unordered selection of objects.

For example Consider a query posing like, how many different committees of three sy, den,

can be formed with four students? ‘ .
d only to find the number of subsets with three elements th

To answer this question, we nee :
form the set containing four students. We see that there are four such subjects, one for each ,
tudents is the same as choosing one of the four SIJ.

U

the four students, because choosing four s
dents to leave out of the groups. This means that there are four ways 10 choose the three g,
ch these students are chosen, is immaterjg| .

dents for the committee, where the order in whi
This example illustrates that many counting problems can be solved by finding the nump,,

of subsets of a particular size of a set with n elements, where n is a positive integer.
An r combination of elements of a set is an unordered selection of r elements from the s
Thus. an r combination is simply a subset of the set with r elements.

For example It is seen that 4C2 = 6, because the two combinations of {a, b, ¢, d} yield s
subsets, such as {a, b}, {a, ¢}, {a,d}, {b, c}, {b, d}, and {c,d]}. s

EXAMPLE 2:1 8 In how many ways a committee of five members can be selected from six
and five ladies, consisting of three men and two ladies? %

Solution Three men out of six and two ladies out of five can be selected in

6 5 6 X5X4 534
Cxcz(__ IR FIE
: : 3x2x1)x(2x1)—2(Dways
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e of commmittees wall w
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( . ( 1140 * 66 15240

wnd five women

o We choose at least three women here. that is. three women, four womer, or Of
the number ©

we 10 be chosen in each case from twelve women. Then, by addition rule.,
committees will be

124+ 20+ 20) ) v 2 e
Ii(4 "~'”‘|'I(§’ (H

220 X 190 + 495 X 20 + 792 X 1 = 52492

; ExamrLe 2.20 A collection of 10 electric bulbs contains 3 defective ones.
(a) In how many ways can a sample of four bulbs be selected?
(b In how many ways can a sample of four bulbs be selected which contain two good bulbs
and two defective ones?
(¢) In how many ways can the sample of four bulbs be selected so that either the sample ‘
contains three good ones and one defective ones or one good and three defective ones’

Solurion
(a) The four bulbs can be selected out of ten bulbs in
100 10! 10 X9 X8 X7

= = = 210 ways
416!  4x3x2x1 :

(b) Two bulbs can be selected out of seven good bulbs in C, ways and two defective bult?s
can be selected out of three defective bulbs in *C, ways. Thus, the number of ways in
which a sample of four bulbs containing two good bulbs and two defective bulbs can be
selected as

7! 1 i

7 3
Ea P, = b4 = X = 63
- sl Sl 211 2 3

(c) Three good bulbs can be selected from seven good bulbs in ’C5 ways and one defective
bulb can be selected out of three defective ones in >C, way.
Similarly, one good bulb can be selected from seven good bulbs in 'Cy ways and
three defective ones in 3C3 ways.
So, the number of ways of selecting a sample of four bulbs containing three good
ones and one defective or one good and three defective ones are
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with four elements.

4461 = C¢ = 9%; = (9.8.7/(1.2.3) = 84
Thus. there exists 84 different ways 10 choose the six cookies.
: ExampLE 2.22 Four boys picked up 30 mangoes. In how many ways can they divide the
all the mangoes be identical? W
ur boys such that each boy can rece
v

Solution Clearly, 30 mangoes can be distributed among fo
any number of mangoes. Hence, total number of ways = WS yq = 3y = 5456.

EXAMPLE 2.23 Assume that a valid computer password consists of seven characters, the f;
of which is a letter selected from the set {A, B, C, D, E. F, G} and the remaining characters Iry
h alphabet or a digit. Find the number of possible passwo rdsan

letters chosen from the Englis
onstructed by the following sequences:

the given set.
d digits with repetitions.
Step | can be performed in ’C, or seven ways Since there are 26 1 i
v Cyors . etters and 10 digits
be sc;:cwd for each pf the gemmmng six characters, and since repetitions are allowed glsqu:,m Czj
can performed in 36" or 2.176,782,336 ways. By the multiplication rulc; merem;;

7 :h.:. 1 7678.233{5 or 15,237,476, 352 different passwords.
combinations with repetition can also be used to find the number of solutions of certan

S e s . .
near equations in which variables are integers subject to constraints

Solution A password can be ¢

Step 1 Select a starting letter from
Step 2 Select a sequence of letter an

ExampLe 2.24 How .
: . many solutions are i SR
straints x = 1,y = 2,z = 3,and u = 0? there in x + y + z + u = 29 subject (o the cor

&
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where 1.y and u are
are integers suc
\ 2 >0 ! = e suchthatx = |,y =2 ;= 3. andu = 0. ie. 1 =0,
: : 0. and w = ()

Assume 1 \ L. o (s
i T ) %3 =g — 3. Then,
=N ).y =
| . s 4 O 5 — & -
= o V3 3 and ¥ 20420220 =0

From Eq. (2.3).

o ekl ol fal i o SR T gt e
= . ’ -
X1 T X+ x34+ =23
Hence. the number of soluti 23+
: solutions = 23+4-1 > .
i Ca—1 = 2C5 = (26.25.24)/(1.2.3) = 2600.

EXAMPLE 2.25 How /i -
g many integral solutions are there to the system of equations
x; + x : .
YL T X3 T X3 + x4 +x5=20 and x, + x5 = 15

where x; = 0,k = 1,2,3.4.5.

Solution We have

x) + Xy + X3 HELTR X5 = 20 24
and
X; + x5 =15 (2.5)
Then from Eqgs (2.4) and (2.5),
X3 = X4 + X§i= 5 (26)
x; +x;=15 2.7)

and givenx; = 0,x3; = 0,x3 = 0, x5 = 0, x5 = 0. Then, the number of solutions in Eq. (2.6):
5"3—|C3_l = 7C2 = 21

and the number of solutions in Eq. (2.7):
IS*Z'IC:_I = ]f)Cl =16

Hence, the total number of solutions of the given system of equations = 21 X 16 = 336.

7 DISCRETE PROBABILITY

The theory of probability has its origin in the games of chance such as gambling and since then
it has developed so much that we find its applications in almost all fields of knowledge. In par-
ticular, it is useful in solving problems related to mortality and insurance. Even in our daily
life. there exists a number of phenomena where we cannot make prediction with certainty or

complete reliability.
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ExAMPLE 2,62 Find (he

Number of
¥ €, = r where () -

I Non-negatjve
D
1 .

integral solutions to e, + ¢; + €3
> m Let G; (x) = L =
.\uhlll;. k. (:.,: ; I 4 % for each i = | 5 % Thus, t : Neicrion. is
- o vies Py == 4 ) Yoy i, S _ >
G006 dl (1 + x)" and the number of solutjc '\'"C N ooy 8
ns is "C,.

IXAMPLE 2.63 Find the . :
l'-,\ R, T e numbL.r O,f solutions of €L+ e+ e; + e, + es = 21 where
s Dt s SR IR N R e N B S s
2= e = 6,e5is 0odd, and | <es <09 =€ =30=¢=3,2=<e=<6,

Solution Let

Gi(x) = +x + x2 4 53

G =14 5 4 52 5 .5

G3(x) = x2 + x3 4 4 $ 50 4 6
G4(x)=x2+x3+x4+x5+xe
Gs(x) =

x+x3+x5+x7+x9

LS Do s GG 6y G Gl R
" ke & .+ e b 1ad o x’ + x ). The number of solutions with the
given constraints is the coefficient of x*! in the expansion of (1 + x + x> + x3)*
B O (x x4 x5 4+ 47 4 x°), ie., we will obtain a term equal to
x2! by choosing terms from the first two sums : d

€1 . d x&
; e } and x™=, terms from the second two sums
x“ and x™, term from the last sum x°, 5o that the exponents, ey, e,, s, €4, and es satisfy the
equatione; + e + e3 + ¢4 + e5 = 2] and the given

constraints.
It is observed that the coefficients of x2! in the product is 4. Hence, the number of solutions is 4.

EXAMPLE 2.64 Find a generating function for a,. the number of ways to select r balls from a
pile of three green, three white, three blue, and three red balls.

Solution Here, the generating function, will be a multi

plication of four factors corresponding
to each colour green, white, blue. and red.

Since there are three balls of each colour, each factor will be (1 + x + x2 + x

3). Hence,
the required generating function is (1 + x + x? + 3,

EXAMPLE 2.65 Find the generating function for a,, the number of ways to select r objects from
n objects with unlimited repetitions, and also find G,
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2.17 PIGEONHOLE PRINCIPLE

The pigeonhole principle states that if there are more pigeons than Pigeonh”le\
he at least one pigeonhole with at least two pigeons in it. This principle j ,, '
objects besides pigeons and pigeonholes. Thus. it may be stated that if (n +
are placed into n boxes then there exists at least one box containing two or More m;,,er )

The pigeonhole principle (also known as Dirichlet drawer principle or ¢ Niig b‘)bjeq\“i
is at times useful in counting principles. Ox g

In the set-theoretic approach, the pigeonhole principle can be expressed 4 fol)

Let X and Y be any two finite sets such that |X| < |YI. Then. a function .y \,0“’8.
one-to-one, i.e.. there exists at least two elements x . x2 in X so that f(x,) = flxy Cang,,

appj |
pphcahk .
] ) ()r '{)'

For example
(i) Suppose the department of mathematics contains 13 professors. Then 2 f the
(pigeons) were born in the same month (pigeonholes) out of 12 months, p'°ft;,,.
(i) Suppose a laundry bag contains many red, white, and blue socks. Then gpe B
only four socks (pigeons) to be certain of getting a pair with the same coloyr (Pigeg g,

Corollary 2.2 If n pigeons are assigned to m pigeonholes, then at least one pigeoﬂhok
tains two or more pigeons (m < n). Uy
Proof Let m pigeonholes be labelled with the numbers 1 to m, beginning wi, the
1, each pigeon is assigned with respect to the pigeonholes with the same Numbey, ¢
m < n, i.e., the number of pigeonholes is less than the number of pigeons, n — "'p‘i "“
are left without assigning a pigeonhole. Thus, at least one pigeonhole will be assignege:

second pigeon.

2.17.1 Generalized Pigeonhole Principle

If a pigeonhole is occupied by kn + 1 or more pigeons, where k is a positive integer, then
least one pigeonhole is occupied by k + 1 or, more pigeons.

ExaMPLE 2.66 Find the minimum number of students in a class to be sure that three of the
are born in the same month.

Solution Here, n = 12 months are the pigeonholes and k + 1 = 3 or k = 2. Hence, amoy
any kn + 1 = 25 students (pigeons), three of them are born in the same month.

R 0
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133 THE INCLUSION—EXCLUSION PRINCIPLE

When the two tasks can be done simultaneously, then both the sum rule and the produ
(will be discussed in detail in Section 2.2) cannot be used. If we add the number of w ays !

each task then the ways 1o do both the tasks are counted twice. Thus. to correct thus double

counting and to find the number of ways to do one of the tasks, we add the number of ways
which each task can be done and then subtract the number of ways in which both the tasks can

be done. This method of counting is called the principle of inclusion—exclusion. Sometimes, it
is also called the subtraction principle.

.
o)

In set-theoretic approach this counting principle can be stated as follows.

Let A and B be two finite sets. To select an element from A there exists |A| ways and |B| ways
to select an element from B. The number of ways to select an element from A, or from B, 1.e., the
number of ways to select an element from their union, is the sum of the number of ways to select
an element from A and the number of ways to select an element from B, minus the number of
ways 1o select an element which is both in A and B. Since there are |A U B| ways to select an ele-
ment in either A or B, and |A N B| ways to select an element common to both sets. we have

(Uit gdligiana
Considering three sets A, B, and C, iple

lAUBUCl = |a| + |B| +
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eneral,
\" ) LA, are n-finite sets. then

wnal + 2 lana
| =sisj=k=n / '/\‘

\‘l‘\‘m L'\’_t \‘ A :;
ot !
l=i=1 | s sn

£ oowe 4 I)” Il,\lm\wf] ﬂ\”}

I'he : O .
following example demonstrates the process of solving a type ol counting Probley,
l

the aboy e l‘”"t'lplu
B EXAMPLE 172 How many bit strings of length 8 either start with 1 bit or end with 3 .
3 gs of length 8 beginning with I bit. We ., ity (i,
a bit string of length 8 that begins with 1 bit. in 27 = 128 ways. 1€, |Al = 128. Thjs i c.-%lQ
ble by the product rule because the first bit can be selected in only one Wiy und.cuch of lhcp”\“'»
7 bits can be selected in two ways. Similarly, we can construct a bit string of lengih g Oth,
with 2 bits 00, in 2° = 64 wuvs.-i.c.. |B| = 64. This is also possible by the product rUIee ing
each of the first 6 bits can be selected in two ways and the last 2 bil..s‘ can he selected ip ()n-cs.n%
Again, the ways (0 construct a bit string of length 8 starting :mlh I bit are the samg , "4
ways to construct a bit string that ends with 2 bits 00. There are 2° = 32 ways to C”“S(ruc?h. the
a string, i.e. [ANB| = duct rule, because the first bj Casuch
selected in only one way. eac

32. This follows by the pro
h of the second through the sixth bits can be chosen in S
and the last 2 bits can be selected in one Way. Way,
Hence. the number of bit strings of length 8 that begin with 1 bit or end with 2 bits () Wh
equals the number of ways to construct a bit string of length 8 that begin with 1 bit or ‘h.u( iy
with 2 bits 00, equals Engy

lv\l"'

S : : ;
Olution 1.et A be the set containing bit strin

lA| + |B| — |AN Bl
= 128+ 64 — 32 = 160

|AUB|

ExaMPLE 1.73 How many positive integers not exceeding 100 are divisible either by 4 o
Y6

Solution The integers which are divisible by 4 are
4, 8, 12, 16, 20, 24, 28, 32, 36, 40, 44, 48, 52, 56, 60, 64, 68, 72, 76, 80, 84, 88, 92, 96 Iy
; X : : : BTV
i.e., there are 25 integers not exceeding 100 which are divisible by 4. Also. the integers djy;
ible by 6 are T i
6. 12, 18, 24, 30, 36, 42. 48, 54, 60, 66, 72, 78. 84, 90, 96

i.e., there exist 16 integers, which are divisible by 6.
Let A be the set possessing the integers which are divisible by 4 and B be the set which ¢op

tains the integers, divisible by 6, then
n(A) = 25, n(B) = 16
Thus, the number of integers which are divisible by 4 or 6 are
JAUB| = |A| + |B] — |ANB]
= 3235 + 16 — 8 [common in both A and B]
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l"‘\ 1
NP l."‘ hl o k‘ul\\ \ ( J lh( 1

. " ' ll\(l(l( ma 2 ; | . (
‘\||\l\|lhl sawenee or ”“”hll";l“k\ or l’(“ll

major one (|M)\\||\|) i.l‘nllp with m
a8 a4 major one (possibly along w
ing both computer scienc

The number of students having mathematics as a
athematics) is 25 the number of students hav ing mathematics

ith computer science) is 13; and the number of students hay
¢ and mathematics as major is 8.

Solution Let / > the set of
wags \“I(L‘L]:‘\\i::k”::k set of xludcnls‘ in the class majoring in computer science and B be the
NE In mathematics. Then, A M B is the set of students in the
| matics and computer science as majors. Since every student
ither computer science or mathematics (or both), it follows that
ass is |A U B|. Thus,
IAUB| = |a| + |p| - lAN B
Hence. there are 30 students in the class.

class majori
class who are having both mathe
in the class is majoring in e
number of students in the ¢]

=24+ 13 — §=30
The illustration is shown in Figure 1.42.

e=——=ialw s sy = "'

e

/ \

|4| =25 |[ANB|=8 [Bj=13

FIGURE 1.42 The set of students in a discrete mathematics class

MPLE 1.75 A computer company receives 40 applications for a job of programmers.

Among them 25 knew JAVA, 28 knew ORACLE, and 7 did not know any of the languages.
How many of them knew both the languages?

Solution Let J be the set of programmers who knew JAVA and O be the set of programmers
who knew ORACLE. Then J U O is the set of programmers who knew JAVA or ORACLE (or
both) and J M O is the set of programmers who knew both the languages. By the principle of
inclusion—exclusion, number of programmers knowing both the languages are

lyNnol = |1l + |o| - lJuo| = 25 + 28 — 33 C-lJuol =40 -7 = 33)
=20

1.33.1 Applications of Inclusion—Exclusion Principle

Variety of counting problems can be tackled with the use of inclusion—exclusion principle. This
principle can be used in counting the number of onto functions from one finite set to another.
This also counts the permutations of objects that leave no object in its original position, which
can be termed as derangements.
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stribute distinguishable . - the
N (‘lllply multipl T guishable objects 1o n indistinguishable hoye ®
phed by the number of pPermutation of a set with » ciemem -
Derangements |
The principle ¢ -
. P ple of mclu'_‘mn exclusion will be used to count the permutation of ,, |
tdl\f'l no abjects in their original positions. Ty
7 l ¥ s . ” : ” . -
1 things are anungcq In a row, the number of ways in which they can be deryy,,
NGO one of them occupies its original place is et
-
I 1 I 1]
| - 4 1
n!l 1 N = == e e Y
w2 3! 1!
or, no object goes 1o its scheduled place.
If r things go 1o wrong place out of n things then (n — r) things 20 10 orip;...
(here r < n). C o Py
If D, = number of ways, if all n things £0 to wrong place and D, = number of .
avy

s

things go 1o wrong place.
If r things go to wrong place out of r, then (n — r) things go to correct places. They

Dn = nCﬂ—’ Df’
If at least p of them are in the wrong places, then
n
Il ) 8
r=p
where
! 1 1 _l-;....(_]ni.‘:
L (et ST EY =y

= ExamMPLE 1.76 A person writes letters to six friends and addresses the correspond:
envelopes. In how many ways can the letters be placed in the envelopes so that (i) at least 1y,
of them are in the wrong envelopes and (ii) all the letters are in the wrong envelopes.

Solution
(1) The number of ways in which at least two of them are in the wrong envelopes
6

g"ca_,b,

= "Cp-2D3 + "Cp-3D3 + "Cp—4 Dy + "C,—5Ds + "Cp_gDg [here n = 6]
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2 f 1} ,
(4'“!(1 + “> 4 "(\.3‘.(] . | + ‘ ’ I)

~ .

1!
- h(.}&“(l - & b, - & I)
1! 2! 3! 4
+ h(‘].S!(l — —l— <+ .l_ = _}- - _l‘_ = _l_
1! 2! 3 Al D)
1
+°C().6!<l = L 1)

TR TR TR TR TR
= 15 + 40 + 135 + 264 + 265 = 719

(ii) The number of ways in which all letters be placed in wrong envelopes

1 1
6!(1——+——L+l——l—+L)
@ 21 31 4! 5! 6!

o 1 1 o = 265
e + = 360 — 120 + 30 — 6 + 1
720(2 6 24 120 720)

|




