
Combinatorics

LEARNING OBJECTIVES
After reading this chapter you willbe able to understand the followingThe pemutationsand combinations by which sets are orgarnized to use the dat
they contain and to interpretthem
Basic concepts ofprobability consisting of discrete,conditional, randorm variable6,and their components
Aboutrecursion and its use to define sets and sequences.The use ofrecursive style for solving difference equation (reCurrence relations)andthe discretization of

differential equations.About the inclusion-exclusion principle and its use to count the nurmber of elementsin aunion of sets, and to solve counting problemsAbout generating functions and their use to solve recurrence relations

2.1 INTRODUCTION

Combinatoricsdeals with the study of arrangementsof objects. It is an importantpart of diScrete mathematics.Enumeration,the counting ofobjects to solvea variety ofproblems,is alsoa key part of combinatorics.Counting is used to determinethe complexityof algorithms, todetermine sufficient telephonenumbers, or Internet protocol addresses to meet demand. Moreover, counting techniquesare useful in computing probabilities ofevents.The basic rules of counting,which we will studyin this chapter, can solve different types ofproblems.Another importantcombinatorial tool is the pigeonhole principle, which we will dis
cuss inthis chapter. Here, we will also studythe recurrence relations, a tool for the analysis of
computer programs. In addition, the generating function, inclusion-exclusion principle, and its

applications will also be discussed here.

2.2 BASIC PRINCIPLES OF COUNTING

Counting problems exist throughout mathematics and computer science. Sometimes it is

necessaryto count the successful outcomes of experimentsand all their possible outcomes to
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used by an algorithm to study its time complexity, Here, we will introduce the
vaste

teh

determine probabilities of discrete events, It is also needed to count the number

O counting, the methodsof which serveas the foundation for almost all countine

echie
The basic principles of counting, such as multiplication principle and addition

principle
described below.

2.2.1 MMultiplication Principle (the Principle of Sequential
Counting)

Supposethere is an event E which can occur in m ways and, independent
this

event,
IS a second event F which can occur in n ways. Then the total numnber of

Occurrence
eventsE and F inthe given order is mn. More generally, suppOse an event E

can

Ways, and,following Ej, a second event E can occur in n2 WaysS, and

na ways,and so on. Then the total number of
following

Cvent E;can OcCur in OccurTence ofthe

Ej. Ez, Es. ..., in the order indicated is n jngh3
evet

The multiplication principle is also named asthe fundamnental principle of

counting.

Note For AND�X (multiply)

ExAMPLE 2.1 Find the number of four-letter words, with or without meaniing, which
can beformed out of the letters of the word ROSE, where the repetition of the letters is

not

allowe

Solution There are as many words as there are ways of filling in four vacant
places by he

fouletters,keeping in mind that the repetition is not allowed. The first place can be
filled

in
Îourdifferent ways by any of the four letters R, 0, S, and E. Following which,the second

place
caNbe filled in by any of the remaining three lettersin three different ways,thethird

place

different ways, and the fourth place in one way. Thus,the number of ways in
which the

four
places can be filled, by the multiplication principle (or, principle of

counting i
4X 3X 2 X l =24. Hence, the required number of words is 24.

Note Ifthe repetition of the letters was allowed, how many words can be formed?
Eacho

the four vacant places can be filled in succession in four different
ways.

Hence, the

required number ofwords is 4 X 4 X4 X4 =256.

ExAMPLE 2.2 Given four flags of different colours, how many different signals can be
generated

ifa signal requires the use of two flags one below the other?

Solution There will be as many signalsas there are ways of filling in two vacant nlar

succession by the four fags of different colours.The upper vacant place can be filled in

differentways by any of the four flags;following which, the lower vacant place can be f

inthree diferent ways by any of theremaining three different flags.Hence. by multiplicali

principle, the required number of signals is 4 X 3= 12.

2.2.2 Addition Rule (the Principle of Disjunctive Counting)

Suppose some event E can occur in m ways and a second event F can occur in n ways. and

suppose both the events cannot occur simultaneously. Then, E orF can occur in m +nwas
Moregenerally, suppose an event E,can occur in n� ways, a second event Ez can occur in n

ways, a third event E; can occur inn; Wways, ... ,and suppose no two of the events can occur

at thesame time. Then, one of theevents can occur innj tn2 tn3tways.



Combinatorics 71

Note For OR
(addition)

EXAMPIE 23 Supposethere are eightmale orofessors and fve female professors teaching ahistory class.In how many ways a student can choose a history profeSsOr
Solution A studentcan choose a history professor in 8 +513ways.
EXAMPLE 2.4 In how many ways can we get a sum of 7or |lwhen two distinguishable dceare rolled?

Solution The ordered pairs in which the sum is 7are (6),(2,5), (3,4), (4,5), (5,2). (6,):which are distinct. There are six ways to obtain the sum 7.Similarly.,the ordered pairs in whicththesunm is 11are (5,6),(6,5), which are also distinct. The number of ways in which we get asum 11 with the twodice is 2.Thus,we can geta sum 7 or 1l with two distinguishable drce6+2 = 8 ways.

2.3 FACTORIAL NOTATION

If n is a natural number, then the product of all the natural numbers from I to n is called
factorial'. It is denoted by the symbol n!orn.

From the definition,

n!=n(n - 1)(n -2)...3.2.1

The factorial notation n! can also be definedrecurs�vely asfollow:

0! = (n+ 1)! = n!(n + 1),n0
From the above recursive definition, we get

1! = 0!(1)=1, 2!= 1!(2) = 1.2, 3! =2(3)= 1.2.3

n

ExAMPLE 2.5 Find the value of 8!.

Solution For n 0, (n + 1)! =n!(n + 1)

Hence,

8! =(7+ 1)! = 7!8=6!7.8 =5!6.7.8

=4!5.6.7.8 = 3!4.5.6.7.8

= 2! 3.4.5.6.7.8= 1!2.3.4.5.6.7.8

= 1.2.3.4.5.6.7.8

=40,320

EXAMPLE 2.6 Simplify

n!
(i)

(n-1)!

(ii)

(n + 1)!

n!



5 PERMUTATIONS (ARRANGEMENTS OF OBJECTS)

Any arrangement of a set ofn objects in adefinite order is called a permutation of the objects,

taken all at a time. Any arrangement of anyrofthesen objects (r < n) in a definite order is

called an r-permutation or a permutation ofthenobjects taken r at a time.
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For example Consider the set of letters a, b,c,and d. Then

) bdca, dcba, and dcdb are permutations of the four letters, taken
all at a

time() bad, adb, chd, and bca are permutations of the four letters taken three
at a

time
(m)ad. ch,da, and bd are permutations ofthe four letterS taken two at a time

The number of permutations of n different objectstakenrat a time is
denoted

by"P,
Theorem 2.3 The number of r = permutations of a set with n distinct elements

not
respo

onding)= n!
"p. =n (n D (n - 2) - (n -rt

(n -r)!

Proof There will be as nmany permutations as there are ways of filling in r
vacant

placeshy

different objects.The first place can be filled in n ways; following which,the
second

placea

be filled in (n - 1) ways, following which the third place can be filled in (n -
2)

ways,
rth place can be filled in (n(n - )}ways.Therefore, the number of ways of

fllinginr
places in succession is n(n - )(n - 2){n - (r- 1)} or n(n - 1)(n -

2)(n -
rt

Thus, by the fundamentalprinciple of counting (multiplication rule),there
are

n(n -

vaca
(n -2) (n-rt ), r permutations ofthe set, i.e.,

"P,= n(n -1)(n - 2) ·.(n-rt 1)

[n(n - 1 )(n- 2):(n-rt 1)][n -)(n -r- l)..211
[(n -r)(n -r 1) 2.1]

n!

(n -)!
Hence,

"P= n!

(n-r)!

Note The number of permutationsof n distinct objects taken n at a time is

"P,= n! n!

(n -n)!
=n!

0!

Again, consider three letters a,b,c. Then,thereare 3!=3.2.1 =6 permutations of the thre

letters, such as,abc, ach,bac,bca, cab, and cba.

EXAMPLE2.10 How many words ofthree distinct letters can be formed from theletters of the

word LAND?

Solution The number of three distinct letters can be formed from the four letters of the word

LAND is

4!

(4 -3)!

4!

1!
=24



2.5.1 Permutations with Repetitions
Theorem L4 The teref

permtaticins on jects,of whichnare alike of ancther kind,ns are alike of third kind
like ofoe kind, ng

P

ntnglngnf
wherennng + ny

Proof Letthe required nunber of
perutations be x Ifthe n like objets are unlike,then fo

each of these xarrangements,then like bjects can he rearranged atg theo ves
ways, without altering the positions of the other ojectsSo,the number of permutations will be xn .Similarly,if nz ike objects are unlike, each of
these xn permutations will give rise to ngl perutations.Therefre,thenursber of permutations will be xn!ng! If allthe objects are unlike, the nursber of perutatis Wi tn!ng! n,1 But, if alltheobjects are unlike,the nunber of permutationswith n byects
be n!. Hence,

xnging!-nhmn!
n!

njingn,!.nh|/LIBRARY
Le.,

"Pnngng,
n!

njlng ng!-**n,

Note Thenumber of perrnutations of n distinct objects, takenratatíme(when repetitionsare allowedy is (n'.

EXAMPLE2.11 Ifthereare fourblack,three green.and fivered balls, then inhow manywaysthese colour can be arranged in a row?

Solution Here, thetotal nurmber ofballs 443+5= 12. Also,the black balls, green balls,and theredballs are all alike. Hence, the balls can be arrangedin arow in

121 =27,720ways4!31 5!

ExAMPLE2.12 How many words can be forrned using the letter A thrice, theJetter Btwice,and the letter C once?

SolutionGiven six objectsA,A,A,B,B,and Cof which three are alike of thesamekind, two
are alike of another kind, and one is of its own kind. Hence,the total number of permutations
of the requisite number of words formed

6!
=60

3121 1!
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EXAMPLE
2.13

Find how many arrangementscan be made with the letters of
the

wotMATHEMATICS.
Solution

Thereare TT letters in the word 'MATHEMATICS. Out of these letters M is
repealegtwice, A is

repeatedtwice, T is repeated twice, andthe rest are all different. So. the
requiregnumber of

arrangements
11! =4989600

EXAMPILE 2.14 How many four-digit numbers can be formed using the digits 2,4, 6,
and&

2!2!2!

when repetition digits is allowed.

Solution Here, we have four digits. So,

Number of ways of filling unit's place =4

Number of ways of filling ten'splace = 4

Number of ways of filling hundred's place =4

Number of ways of filling thousand's place =4

Thus, the total number of four-digit numbers =4 = 256.

2.5.2 Circular Permutations

Instead of arranging the objects in a line, if we arrangethem in the form of a circle, we
cal

them cicular permutations. In circular permutations, what really matters is the position of

object relative to the others.

Suppose n persons (a1, a,...a,) are to be arranged around a ring. There are n!
ways in

which theycan be arrangedin a row; on the other hand, all the linear arrangements

a1, a2, a3, a4, ..,ani az, a3, a4, .,a,, a1

willlead tothe same arrangement in a ring. So, each circular arrangement corresponds to.

linear arrangements.Hence, the total number of circular arrangements ofn persons is

n! =(n-1)!
n

Thus,there are (n - 1)! permutationsof n distinct objects in a circle.

If we consider the clockwiseand anticlockwisearrangements in the circular permutations

then the followingpropositions can be possible:

i) When distinction is made between the clockwise and the anticlockwise arrangementsof

ndifferent objects around a circle, then thenumber of arrangements =(n - 1).

(ii) If no distinction is made between the clockwise and the anticlockwise arrangementsof r

different objects around a circle, then the number of arrangements = (/2)(n - 1)!

ExAMPLE 2.15 In how many different ways can fivemen and five women sit around a table, i

(a) there is no restriction?

(b) notwo women sit together?
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Soltion

(a) ndhere is no reictkm then tisjwode isasshe ciruar prtation cf 10cbjects (five

en and ivewomens So,the nunteg of oermutaticons are (i0-bl9 36280
b) we women are not allowedto sit side hy side. that is each woman shosldocCupy a sit

hetweentwo en

The nunner of ways five men can sit around a ruudtable(5 f4124 Dnce
these fivemen havealready occupiedalternate seats, the five women can sit in the e

eats in Ssx4 x3x 2 120 ways, Thus,the total number of ways 24 X 120
288O

ENAMPLE Z.16 In how many ways can seven persons sit around a table so that all shall not
have the same neighboursin any two arrangements?

Solution Seven personscan sit around a table in 6!ways. But in clockwiseand anticlock

arrangements, cach person will have the same neighbour. So,the required number of
ways 0/2) X (61) 360.

ExAMPLE 2.17 Findthe number of ways in which eight different beads can be arranged to

form a necklace.

Solution Fixing the position of one bead,the remainingbeads can be arrangedin 7!ways. But
there is no distinction between the clockwise and anticlockwise arrangements.So,the required
number of arrangements= (1/2) X (7!) = 2520.

2.6 COMBINATIONS (SELECTION OF OBJECTS)

Each of the different groups or selections which can be formed by taking some or all of a num
ber of objects, irrespective of their arrangements,is called a combination.

Suppose we want to select two out of three personsA, B,and C.We may choose AB or BC
or AC. Clearly, AB and BA represent the same selection or group but they give rise to different

arrangements.Clearly, in a groups or selection, the order in which the objects are arranged is
immaterial.

For examnple)The different combinations formedof three leters a,b, and c, taken twoata time,are ab,
bc, and ca.

a ii) The only combination that can be formed ofthree lettersa,b, and c takenall at a time,is abc.

(ii) Variousgroups of twoout of fourpersonsA,B,C, and D areAB,AC,AD,BC,BD,and CD.

Difference between a permutation and a combination: In a combination,only a group is

made and the order in which the objects are arranged is immaterial.On the otherhand, in a per
mutation,not only a group is formed, but also an arrangement in a definite order is considered

For example

()ab and ba are two different pernmutations, but each representsthe same combination.

(ii) abc, ach, bac, bca, cab, and cba are six different permutations,but each one of them re

resents the same combination, namely a group of three objects a,b, and c.
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Note We use the word 'arrangements for pernmutations
and'selections' for

combinatic

The number of combinations of n objects, taken
rat a time, isdenoted by

0. and

c

The
synh

"C,is defined only when n and r are integers such that n
r.n r0

2.6.1 Combinations of n Different Objects

Theorenm 2.5 The number of combinations
of n distinct objects,taken

r at a time is
givenb

n!
"C, )!

Proof Let the number of combinations
of n objects,taken

rat a time, be x.
Then,"C,

Now, each combination
contains r objects, which may be arrarnged amongstthemselves

Ways. Thus, each combination
gives rise to r! permutations.

So, combinations will give
rise

Xr) permutations.
Therefore,

thenumber of permutations
of n things, taken

r at a
time,isxr

Consequently,
"P =xr)="C,(r!). Thus,

(
n!

"P n!
(n- r)!/

nC, ! r!(n-r)!

Note Wemay write

n(n- 1) (n- 2)...to rfactors

"C,= r!

Inthe present topic, we concentrate on counting unordered
selection of objects

For example Consider a query posing like, how many different committees of three
studenty

canbe formed with fourstudents?

Toanswerthis question, we need only to find the nunmber of subsets with three
elementsthg

form the set containing four students. We see that there are four such subjects,one for ea

the four students, because choosing four students is the same as choosing one of the four
stu-

dents to leave out of thegroups.This means that there are four ways to choose the three

dents forthe committee,where the orderin which these students are chosen, is immaterit

This example illustrates that many counting problems can be solved by finding the numk

of subsets of a particular size of a set with nelements, where n is a positiveinteger.

Anrcombination of elementsof a set is an unordered selectionof relements from the

Thus, anrcombinationis simplya subset of theset with r elements.

For example It is seen that C,=6, because the two combinations of {a, b, c, d) vield siy

subsets, such as {a,b}, (a,c}, {a,d}, {b,c), {b,d}, and {c, d}).

EXAMPLE 2.18 In how many ways a committee of fivemembers can be selected from six men

and five ladies, consisting of three men and two ladies?

Solution Three men outof six and two ladiesout offive can be selected in

6X5 X 4

3X 2 X 1)
=200 ways
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ExAMPE 2. 19 How many commitees of five people can be chosenfrom20 men and 12 women

c) ifexactly three men must be on each committee?

b) if atleast three wonen must he on each committee?

Solution

(a) We choosethree menfromtwenty men and then two women fromtwelve women. So,the

number of committees will be

C, xPG - l140x 66 - 75240

(b) We choose at least three women here,that is, three women,four women, andfive women

are to be chosen in each case fromtwelve women Then, by addition rule, the number of

committees will be

PC,x C; +PCa x 20C + 12Cs x "Co

-220 x 190+ 495 ×20 + 792 x 1 =52492

ExAMPLE 2.20 A collection of 10electric bulbs contains 3 defective ones.

(a) In how many ways can a sample of fourbulbs be selected?

(b) Inhow many ways can asample of fourbulbs be selected which contain two go0d bulbs

and two defective ones?

(c) In how many ways can the sample of fourbulbs be selected so that either the sample
contains three good ones and one defective ones or one good and three defective ones.

Solution

(a) The fourbulbscan be selected out of ten bulbsin

10CA = 10! 10 X 9 X 8 X 7 = 210ways4!6! 4 X 3 X 2 X 1

(b)Two bulbs can be selected out of seven good bulbsinC,ways and two defective bulbs

can be selected out of three defective bulbs in C,ways. Thus, the number of ways in

which a sample of four bulbs containing two good bulbs and two defective bulbs can be
selected as

oe7! X
3! 7X6

X 3 = 63
2!5! 2!1! 2

(c) Three good bulbs can be selected from seven good bulbs in 'Cways and one defective

bulb can be selected out of three defective ones in C,way.

Similarly, one good bulb can be selected from seven good bulbs in'C ways and
three defective ones in C3ways.

So,the number of ways of selecting asample of four bulbs containingthree good
ones and one defective or one good and three defective ones are
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112

2.6.2 Combinations with Repetitions

When repetition of elements is allowed, ther
combinations

(with objects of size

With nelements which can be expressed as

trlc (n tr-D/rDn-
D!="trlC,

We will illustrate the above combinations
by the following

examples.

ExAMPLE 2.21 Consider
a cookie shop in whichthere arefour different

kinds of
cookies.

the number of different ways of choosing six cookies (assuming only the type of

Cookies,
and

notthe individual
cookies or the order in which they are chosen).

Solution The number of waystochoose
sixX COokies isthe number

of six combinations ,ofase

with four elements, which is given by

4+6-'C= 'C='C;=(9.8.7)/(1 .2.3)=84

Thus, there exists 84 different waysto choose the six cookies.

EXAMPLE 2.22 Four boys picked up 30 mangoes.In how many wayscan they divide
themit

allthe mnangoes
be identical?

Solution Clearly, 30 mangoescan be distributed among four boyssuchthat each boy can
reeceive

any number of mangoes. Hence, total number of ways
=0+4'CA- =3*Ca =5456

EXAMPLE2.23 Assume that a valid computer password consists ofseven characters. thee

of which is aletterselected
from the set (A,B, C,D,E,F, G}and the remaining charactere.

letters chosen from the English alphabetor a digit. Find the number of possible passwords

Solurion A password can be constructed by the following sequences:

Step 1 Selecta starting letter from the given set.

Step2Select a sequence ofletter and digits with repetitions.

Step 1can beperformed in 'C; or seven ways. Since there are26 letters and 10 digits that can

be selected foreach of the remaining six characters, and sincerepetitions are allowed, sequence )

can be performed in 36 or 2, 176,782,336 ways. By the multiplication rule, there ar

7X 2176782336 or 15, 237,476,352 different passwords.

The combinations with repetition can also be used to find the number of solutionsof certain

linear equations in which variables are integerssubjecttoconstraints.

EXAMPLE 2.24 How many solutions are there in x +y +ztu =29 subject to the con

straints x> 1,y> 2, z > 3, and u > 0?
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Solution Since

A+y++u= 29 (2.3)

where x, ), I, and u areintegers suchthat220.z3 and u

rly 3, andu0,ie.. x-10.
0.

Assume x =-1,x)=y- 2. xa =z-3.Then.
X=|+1.y = )+ 2, z =x +3 and 0, x 0. x 0. u 20

From Eq. (2.3).

A+ 1+x) + 2+I3+3 + u=29
X| t2 + x3t u= 23

Hence, the number of solutions =23+4-lC= 26Ca=(26.25.24)/(1.2.3) = 2600.

EXAMPLE 2.25 How many integral solutions are there to the systemof equations

X|t x2+ x3t x4 t Xs=20 and +x)= 15

where xk > 0, k = 1,2,3. 4. 5.

SolutionWe have

X| t x) tx3ti4t Xs =20 (2.4)

and

(2.5)

Then from Eqs (2.4) and (2.5),

X3 t X4 txs =5 (2.6)

(2.7)

and givenX >0,x2 >0,x3 >0,x4> 0,x5 > 0.Then, the numberof solutions in Eq. (2.6):

5+3-1C3 -1 ='C =21

and the number of solutions in Eq. (2.7):

15+2-1C-1 = = 16

Hence, the total number of solutions of the given system of equations =21 x 16 =336.

2.7 DISCRETE PROBABILITY

The theoryofprobability has its origin in the games of chance such asgambling and since then

it has developed so much that we find its applications in almost all fields of knowledge. In par

ticular, it is useful in solving problems related to mortality and insurance. Even in our daily

life, there exists a number of phenomena where we cannot make prediction with certainty or

complete reliability.
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Generating functions are
useful in solving

variety of counting problems. They are generally
used t0 count the number of

combinationsof
various types. One of the varieties of this

counting is to count the
solutions of the form

where k is a constant and each e, is a
non-negative

integer that may be subjected to a specified
Constraint. After all,

generating function willbe used totackle this typeof counting problems.EAMPLE 2.62 ind the number of non-negative integral solutions to ej t e2
.+enrwhere0Se,s L

Solution Let G,(X) = 1+x for each i =
1,2,... ,r. Thus, the generating function isG.cOG)Gx)=(1+ x) and the number of solutions is "Cr

ENAMPLE 2.63 Find the number of solutions of e +e t er t es t es 21
e1, e2, e3, C4, and e5. are non-negativeintegers with0se s3. 0 es3,2<es0,2<esS6, e5 1S odd, and 1 < es s9.

Solution Let

G(x)= 1 +x+x'+x3
G2(x) = 1+x+x2 + x

Ga(x)=x +x3+x + x +
Ga(x) =x+xs +x +x+x

Gs(x)=Xt x +x +x?+ 9
Thus, the generating function is Gi(x)G2)Gs() Ga)Gs(x)=(1 +xtx*tx)*(2+x3 +x* +xt x°y (x+x+x + x' tx).The number of solutions with thegiven constraints is the coefficient of x in the expansion of (1 +x+ x +xir2 +x+xtxt) (x+x+x+x +x),ie., we will obtain a term equal to„21 by choosing terms from the first twO sums xl and xe2, terms from the second two sums,es and xes,term from the last sum xs, so that the exponents,e1, es, e3, e4, and es satisty theequation ej t e2 t ez t e4 t es =21 and the givenconstraints.

Itis observedthat thecoefficients of x in the product is 4.Hence,the number of solutions is 4.

EXAMPLE 2.64 Find a generatingfunctionfor the number of ways to selectrballs from a
pile of three green, three white,three blue, and three red balls.

Solution Here,the generating function, will be a multiplication of fourfactors correspondingtoeach colourgreen,white,blue, and red.

Since there are three balls of each colour, each factor will be(1 +x+x+x).Hence,
therequired generatingfunctionis (1+x+?+r.
EXAMPLE 2.65 Find the generatingfunctionfora,the number of ways to select robjects from
n objects with unlimited repetitions, and also find ar.
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Soltion Since cach object can be selected unlimitedly, the
generating

function s
theG)

To find a, we shall find the coefficient of xin G), ie., coefficient
of

-n-1)**-n +1

(n +r- 1)!

rl(n- r)!
ntrlc,

2.17 PlGEONHOLE PRINCIPLE

The pigeonhole principle states that if there are more pigeons than
pigeonholes,

hen
here

be at least one pigeonhole with at least two pigeonsin it. This principle is
applicableobjects besides pigeons and pigeonholes. Thus,it may be stated that if(n + l)

The pigeonhole principle (also known as Dirichlet drawer principle orshoe
box

princ

are placed into n boxes then there exists at least one box containing two Or
more

obiects.

isat times useful in counting principles.

Inthe set-theoretic approach,the pigeonhole principle can be expressed as
follows.Let X and Y be anytwofinite setssuchthat X < |Y|.Then, afunction

f:X� Y
Canneg

one-to-one, i.e., there exists at leasttwo elementsx�,X)in X sothatfx1) =fx.

(i) Supposethe department of mathematics contains 13professors. Then 2 of
he

profess,

For example

(pigeons) were born in the same month (pigeonholes) out of 12 months.

(1) Suppose a laundry bag contains many red, white, and blue socks. Then one
needs

only four socks (pigeons) to becertain of getting a pair
with the same colour

(pigeonhoie

Corollary 2.2 If n pigeons are assigned to m pigeonholes, then at least one
pigeonholeo

tains two or morepigeons(m <n).

Proof Let m pigeonholes be labelled with the numbers 1 to m,
beginning withthe

pig
1, each pigeon is assigned with respect to the pigeonholes with the same number.

Sitem<n, ie., the number of pigeonholes is less than the number of pigeons, n - m
pigen

are left without assigning a pigeonhole. Thus,at least one pigeonhole will be
assigned t

second pigeon.

2.17.1 Generalized Pigeonhole Principle

If apigeonhole is occupied by kn + 1or more pigeons, where k is a positive integer, then

least one pigeonhole is occupied by k + 1or, more pigeons.

EXAMPLE 2.66 Find the minimum number of students in a class to be surethat three of the

are born in the same month.

Solution Here, n =12 months are the pigeonholes and k+ 1 =3 or k =2. Hence, amon

any kn t 1=25 students (pigeons). three of them are born in the same month.



of function ispresented in Chapter 8.

1.33 THE INCLUSION-EXCLUSION PRINCIPLE

When thetwotasks can be done simultaneously, then both the sum rule and the product rule
(willbe discussed in detailin Section 2.2) cannot be used. If we add the number of ways to do
each task then the waysto do both the tasks are counted twice. Thus, to correct this double
counting and to find thenumberofways to do one of the tasks, we add the numberof ways in
which each task can be doneand then subtract the number of ways in which both the tasks can
bedone. Thismethod of counting is called the principle ofinclusion-exclusion. Sometimes,it
is alsocalled the subtraction principle.

In set-theoretic approachthis counting principle can be stated as follows.
Let A and Bbetwo finite sets.To selectan elementfrom A there exists A ways and |B ways

to select an element from B.The numberofwaysto select an element from A, orfrom B, Le.,the
number of ways to select an elementfrom their union, is the sum ofthe number of waysto select
an element from A and the number of ways to select an element from B, minus the numberof
ways to select an element which is both in Aand B.Sincethere are AUB waysto select an ele

ment in either A or B,and ABways to select an elementcommon to both sets, we have

/AUB|=\A| +|B|-lANB|
Considering three sets A,B,and C,the above principle can be formulated as

lAUBUC| =la|+ |B|+ lc| -lanB|-\Bnc- lcna|+ lANBnC



62 Discrete Mathematics

Ingeneral, if A,. As, ....A,are n-finite sets, then

1SisI 1SiSjSn

The
followingexample demonstrates the process of solving a type of counting

problem
usiny

the aboveprinciple.

ExAMPLE 1.72 How many bit strings of length 8 either start with T bit or end wih 2
bits

(My

Solution Let A bethe set containing bit strings of length 8 beginning with l bit. We

can
create= 128 ways, i.e., |A|= 128.

Thisis
poss.

ble bythe product rule because the first bit can be selected in only one way and each
of
the

other

a bit string of length 8 that begins with I bit, in 2

7 bits can be selected intwo ways. Similarly, we can construct a bit string of lenoth 8
endinp

with 2 bits 00, in 26 = 64 ways, i.e., B = 64. This is also possible by the product
rule,

since

each of the first 6 bits can be selected in two ways and the last 2 bits can be selected in
one

Way

Again, the ways to construct a bit string of length 8 starting with I bit are thesame as

ways to construct a bit stringthat ends with 2 bits 00. There are2= 32 ways to
Construct

such

a string, i.e., A NB=32. This follows by the product rule, because the first
bit

canbe

selected in only one way,each ofthe secondthrough the sixth bits can be chosen intwo
ways,

and the last 2 bits can be selected in one way.

Hence,the number of bit strings of length 8that begin with 1 bit or end with 2 bits 00,
which

equals the number of ways to construct a bit string of length 8that begin with 1 bit or
that

ends

with 2 bits 00, equals

|AUB = JA| +|B|- |ANB|

=128+64 -32 = 160

EXAMPLE 1.73 How many positive integers not exceeding 100 aredivisible either by 4 or by 6)

Solution The integers which are divisible by 4 are

4. 8.12, 16, 20,24,28,32, 36, 40, 44, 48, 52,56,60,64,68,72, 76,80,84,88,92,
96 n

i.e.,there are 25 integers not exceeding 100 which are divisible by 4. Also, the integers dis:

ible by 6 are

6, 12, 18, 24,30,36,42, 48, 54,60, 66, 72,78, 84,90,96

i.e., there exist 16 integers, which are divisible by 6.

Let A be the set possessing the integers which are divisible by 4 and B be the set which con

tains the integers, divisible by 6, then

n(A)= 25. n(B)= 16

Thus, the number of integers which are divisible by 4 or 6 are

lAUB|= A| + |B|- JANB
= 25 + 16 -8 [common in both A and B]

=33
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EXAMPILE 1.74 In a class of discrete mathematics every student possesses a major subject incomputer science ormathematics,or both. Thenumber of students having mathematicsas amajor one(possibly along with mathematics)is 25:the number of students having mathematicsas a major one (possibly along with computerscience) is 13: and the number of students hav-ing both computer science and mathematicsas major is 8.
Solution LetA be the set of students in the class majoring in computer science and pset of students in the class majoring in

mathematics. Then, A NBis the set of students in theclass who are having both mathematics and computer science as majors. Since every studentin the class is majoring in either computer science or mathematics(or both), it follows thatnumber of students in the class is AUB.Thus,

|AUB|=A + |B-AOB=25 + 13 -8=30Hence, there are 30 students in the class.The illustration is shown in Figure 1.42.

A ANB B

|A|=25 |ANB|=8 |B|=13

FIGURE 1.42 The set of students in adiscrete mathematicsclass

EXAMPLE 1.75A computer company receives 40 applications for a job of programmers.Among them 25 knew JAVA, 28 knew ORACLE, and 7 did not know any of the languages.How many of them knew both the languages?

Solution Let J be the setof programmers who knew JAVA and Obe the setof programmers
who knew ORACLE. Then JUo is the set of programmerswho knew JAVA or ORACLE (or
both) andJNOisthe set of programmers whoknew both the languages. By the principle of
inclusion-exclusion, number ofprogrammers knowing both the languagesare

JNol=J + o - JUO =25 + 28 -33 (:|JUol =40 – 7 =33)
20

1.33.1 Applications of Inclusion-Exclusion Principle

Variety ofcountingproblems can be tackled with the use of inclusion-exclusion principle. This

principle can be used in counting the number of ontofunctionsfrom one finite set toanother.

This also counts the permutationsof objects that leave no object in its original position, which
can be termed as derangements.



Counting the Number of Onto
Functions

The
principleof

incusion
exclusion

evaluates
number of onto

functios fron

elements toasetwith n
elements.1his

evaluatson isbasedona
prepositional toras

Let m and nbe
positive

integerswith m n Then
there arenCin

1y+"CAn -2y
onto

functionsfrom aset with m
elementstoa set with n elements The proofisleftto

An onto
function from aset with

-1Cm
of

distribution of the m
elements in the domnain to n

indistinguishable boxes sothat

m elements to aset with n elernents
correspondsempty,andthento

associateeach of the n elements of the codomain to a box. This

the
number of onto functionsfrom a set with m clements to a set withn elements is

ber of
ways to distribute m

distinguishable objects to n
indistinguishabie bozessothat

empty
multiplied by thenumber of permutation of a set with n elements.

Derangements

The principle of inclusion exclusion will bc used to count the perrnutation of n

obijesst
leaveno objects in their original positions.

If nthings are arrangedin a row,the number of waysin whichthey can be
deranged

no one of them occupies its original place is

11 1

2! 3!

or, no object goes to its scheduled place.

Note If r thingsgoto wrong place out n things then (n-)thingsgoto
original pla

(herer < n).

If D, = number of ways,if all n things goto wrong place and D, = number of
ways,i,

things go to wrong place.

If rthings go to wrong place out of r, then (n-r) things go to correct places. Then
D, = "Cn-,D,

If at least p of them are in the wrong places, then

n

D,- "C,-,D,
rp

where

1 1

D, !23t(-iy r!

EXAMPLE 1.76 A person writes letters to six friends and addresses the corespondi

envelopes.In how many ways can the letters be placed in the envelopessothat (i) at least a

of them are in the wrong envelopesand (ii) all the letters are in the wrong envelopes.

Solution

(i)The number of ways in which at least two of them are in the wrong envelopes

6

"C,D,

="C-2D,+"Cn-3D, +"Cn-4D, +"C,-sDs +"Ch-6D, [heren =6]
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+

+°Cs1

1!

1!

+

+

) )1! 2!

2!

1

3!

1 )4!
1

2! 3! 4! 5!

"Co.6! 1

1 1 1 1+
1! 2! 3! 4! 5! 6!

= 15+40 + 135 + 264 +265 =719

(ii) The number of ways in which all letters be placed in wrong envelopes

-o1
=

1

1!

+

1

2!

1

24

1

3!

1 1+
4! 5!

1 + 1

120 720

+
6!

360-120 +30 -6 + 1 = 265


