Mathematical Logic

LEARNING OBJECTIVES

After reading this chapter you will be able to understand the following:
« The rules of logic that help to understand and reason with statements

+ The circumstances under which the formulae will be regarded as being ‘true’, which
is the semantics of the theory

= The compound propositions that play in response to logical equivalences
* The propositional formula that can be expressed in certain normal forms, namely
disjunctive and conjunctive involving connectives

« The use of both direct and indirect arguments to derive new results from those
already known to be true

= The predicate logic that can be used to express the meaning of statements in
mathematics and computer science by the ways in reasoning and exploring rela-
tionships between objects

= The necessity of quantification to create a proposition from a propositional
function

» The rules of inference that are used to produce valid arguments in propositional
logic '

« Several methods of proof that are implemented to show the validity of statements

| INTRODUCTION

Logic is the basis of all mathematical and automated reasoning. In fact, logical reasoning is the
essence of mathematics. The Oxford English Dictionary defines the word ‘logical’ as ‘correctly
reasoned’. It has practical applications in the design of computing machines, in the specifica-
tion of systems, in artificial intelligence, in computer programming, and in the other areas of
computer science.

Mathematical logic is a subarena of mathematics with close interactions with computer sci-
ence. It includes the study of the expressive power of formal systems and the deductive power
of formal proof systems. To understand mathematics, we must think about a correct mathemat-
ical argument, i.e., a proof for a theorem. Students of computer science often find it imperative
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3.2 STATEMENT (PROPOSITIONS)
oposi tive sentence (e
ciently objective, m Caning,

A statement (or @ pr tion) is @ declara
or false but not both; and which is also suffi
ts truth value. The tru
th values ‘ng

which is either tru€

and precise. The truth or falsity of a statement is called 1

and ‘False’ of a statement are denoted by T and F, respectively. Also, the value of a sty
se if expressed by 0. Cngy

if true is denoted by 1 and fal
sider the following sentences:

For example Con
(i) Kolkata is in India

(ii)4+2=6

(iii) 5 < 7

(iv) Bangalore is in West Bengal

vy x+2=5

(vi) Where are you going?
(vii) Roses are red
(viii) Go to bed
The sentences (i), (i), (iii), (1v), and (vii) are statements; among them (iv) is false and othes
are true. The item (v) is not a proposition (or 4 statement), since it is neither true nor fale!
can be a proposition if we assign a value 10 the variable x. The item (vi) is @ question. it

{is not a statement. Finally, (viii) is not & statement, D!

declarative sentence, hence i

L

command only.
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Statements are usually denoted by 1
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LAWS OF FORMAL LOGIC
>

Here, we will state two lamous laws o
\. Law of contradiction Fon ever

Y proposition p i "
and lalse. I P s not the

IHormal logic.

same notion that p s both true
2 Law of intermediate exclusion |f pis

astatement (propositi ith I
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BASIC SET OF LOGICAL OPERATORS/OPERATIONS

n this section, we wi R L ;

:‘\) disjunction (V) -lllulddl'\f.lrx? three basic logical operators/operations namely, conjunction
= v ), and negation (~) which correspond to the English words like ‘and’, ‘or’
and ‘not’, respectively. ' ' t A

t/3,4.1’ Conjunction (AND, P A q)

~ It any two propositions can be combined by the word ‘and’, then we can create a new propo-
sition called "“f"l"“‘”d proposition. This proposition is ucu;ally called the conjunction of the
original P“)P_OS“""“S- Symbolically, p A q is read as ‘p and ¢ and represents the conjunction
. of pand g. Since p A g is a proposition, it has a truth value, and this Lrut‘h value depends only
on the truth values of p and ¢. Thus, if p and g are true, then p A q is true, otherwise p / ¢
is false. ’
The truth value of p A g is shown in Table 3.1. Here, the first TOW says
that if p is true and g is true, then p A g is also true. The second row Lamk 3.1 pAg
implies that if p is true and g is false, then p A q is false, and so on. It -
may be noted that there are four rows corresponding to the four possible
combinations of T and F for the two propositions p and q.

For example Consider the following four statements:

oo lle N
e e
L fllos M- L

(1) p: Kolkata is in West Bengal and ¢: 4 + 4 = 8
(i1) p: Kolkata is in West Bengal and ¢: 4 + 4 = 9
(iii) p: Kolkata is in Orissa and g: 4 + 4 = 8
(iv) p: Kolkataisin Orissaand ¢: 4 + 4 = 9

Here, only the first statement (i) is true. Each of the other statements is false, since at least one
of its substatements is false.

Ex E 3.1 Find the conjunction of the propositions p and ¢ when p is the proposition
*Today is Saturday’ and g is the proposition ‘It is raining heavily today’.

Solution The conjunction of these propositions, p A g, is the proposition ‘Today is Saturday
and it is raining heavily today’. This proposition is true on rainy Saturday and is false on any
day. but not on Saturday, and on Saturday when it does not rain.
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For example Consider the following four statements:
p Kolkata 1s in West Bengal and ¢: 4 + 4 = 3

(1) p- Kolkata is in West Bengal and ¢: 4 + 4
il p Kolkata is in Orissaand ¢: 4 + 4 = 8
V) po Kolkata is in Orissaand g: 4 + 4 =9
Here, only the last statement (iv) is false. Each of the other statements is true, since g Ieas, :
: :

Of uts substatements is true.
EXAMPLE 3.2 Find the disjunction of the propositions p and g where pisthe Propositiop, ‘nga
s Saturday” and g is the proposition ‘It is raining heavily today’. y

Solurion The disjunction of pand g, p \V g. is the proposition ‘Today is Saturday or it is raip.

ing heavily today’,
The English word ‘or’ can be used in tw,
or excluseve (‘either/or’),
For example Consider the following two statements:
(1) p: Ashish wi]] £0 to Kolkata or to Bangalore.
(11) g: There is something wrong with the fan or switch.
In the statement (i), the disjunction of the statement » is used in exclusive sense (P or g but

not both); i.e., one or other possibility exists but not both.
In the statement (ij), the disjunctive is implemented in an inclusive sense (p or q or both).

Here, at least one of the two possibilities will occur. However, both could have occurred. In the
inclusive sense, we shall always use ‘or’ unless jt is Stated.

/Q/EXAMPLE 3.3 Let p be ‘Rekha speaks Bengali’ and let q be "Rekha speaks Oriya’. Give a
simple verbal sentence which describes each of the following:

() pvag (i) p A g

o different notions, namely, as an inclusiye (“and/op )

Solution
(1) Rekha speaks Bengali or Oriya.
(1) Rekha speaks Bengali and Oriya.
=‘ " Example 3.4 Assign a truth value to each of the following statements:
(1) 6+4=10v0>2
(i) 5X4=21v9+7=]7
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Given any proposition p
. - 4 DEW
formed by stating ‘1 proposition, cal
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. mple Consider the following six s ol F x

B Kotats is in India € SIX statements:

4 It s oot the case th : !

Gt Relkata 1s not 1n lnﬁx:\“lhu ol
,(m 4+4=9

Ttisnotthe casethat 4 + 4 =9

=l 4 +4=9

Here. (i1) and (iii) are each - o
Since (i) is true. (ii) and o N L S the negation of (iv)-
. are false: and since (iv) is false, (v) and (vi) are true.

ExampLE 3.5 Find the negation of th i

i ’ s e follow RS
(i) Today is Saturday. INZ PrOPOSITIONS;
(i) It is a rainy day.

(iii) If it SDOWS, Mona does not drive the car.

Solution
(i) Today is not Saturday.
(ii) Itrisnot 2 rainy day.
(1ii) It spows and Mona drives the car.

g: Priya is beautiful. Write the following statements in

ExampPLE 3.6 Let p: Priya is tall and
symbolic form.

(i) Priyais tall and beautiful.

(ii) Priyais tall but beautiful.
(iii) It is false that Priya is short or beautiful.
(iv) Priyais tall or Priya is short and beautiful.

Solution
@prg G@pA~d Gii) ~(~p V@ (V) PX (~p AN QD
//

5 PROPOSITIONS AND TRUTH TABLES
j logical variables p, -« -+

Let P( p. g) denote an expression constructed from . - 2
value '?RqUE (T) or FALSE (F). and which operate on the logical co?{:ecuva A~ K
others discussed subsequently). Such an expression is called a proposition.

B
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3.5.1 Connectives
Statements can pe connected by words like *not’, ‘and’, etc. These worfis are knoy,, as
cal connectives. The Statements which do not contain any of the connectives gre Calleq a’o"g«:
Statements or simple statements (or, primitive statement ). ' i
The common connectives used are negation (~), and (A), or (v), lf- -« then (-, or sy
and only if (e« or ). équivalence (=), We wil] use these connections along wigp S)’mb;,;:
10 combine varjoys simple statements.

'a MLE 3.7 Write the following statements in symbolic form:
e"(1) IfAvinash is not in a good mood or he is

7) _If Sayantan knows object

Solution

a EXAMPLE 3.8 [ o P: Babu is rich, ¢: Babu js happy.
Give a simple verbg] Sentence which describes each of the fo
npveg (i) p A ¢ (i) g—p
(V) g=-~p (vi) ~p—q (vii) ~ ~p

Howing Statements:
(iv) pv =4

(viii) (~p A q)—p
Solurion The meaning of the symbols N Ve,

=, and <> are ‘ang’, or', ‘it js false’ ‘jf ...
then', and “if and only if*, respecti vely. Then the

above statements re expressed ag
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0 Rabu i ool on Rl 14 hapypn
Y Rabw o and Babw (s hapypy
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v Babw s happy iof and only iIf Ralw
i) Babo s oot vich then Ralsy 15 hap
v Boas et true thist Babwy is i "rch

o 11 Babu s not nich ang happy then Baby 15 nch
3.5 2 Compound Propositions

V Salements (or propositions ) are tomposite that 1s composed of subpropositions by means
of logrcal operators o connections. Such statements are referred to compound (or composilte)
statements. The fundamental Property of a compound statement is that its truth value is com-
_*'(l\ determined by the truthy values of its subpropositions together with the way in which

~they are combined 10 construgt the Compound statement.

example

LIS oot rchy
"y

R ) '.\'ohan‘l.s lnlt_‘"lvgcnl Or studies every night’ is 4 compound proposition with subproposi-
- wons “Sohan is intelligent® and ‘Sohan studies every night’,

~{11) ‘The sun ls}hining and the sky is blue' is a compound proposition with subpropositions “The
sun is shining” and ‘the sky is blue’.

P

IXAMPLE 3.9 Construct a truth table for each of the following compound propositions:
PLGRAPAT) (iD~TpVg)shmpA ~g)

ution Tables 3.6 and 3.7

E3.6 (pAq)V(pAr)

H=SmTmommmy
ST~STmTmTmmy
b=l i B i R B

1)
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16 ALGEBRRA OF PROPOSITIONS
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L pip=p

2 (@) prgivr = pyigvn)
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P
Commutative laws (b) PAG = 97p (9n )

B o butive laws
4 @Wpiighn = (pvgA(pvr) Distri

Identity laws
Spvr=r

S @pvF=p

(b) P/\(qu) =
(b)p/'\T = p 'q)\/(’A
(b) pAF = F

Complement laws (®) pAr~p < F

T@pv~p=T

[ & (’) ~T=sF Pl

an’s laws (b) "'(D/\q) = ~pV
I8 (a) Vg = ~pr~gq De Morg

3.7 PROPOSITIONAL F UNCTIONS
P

: R e (
A be a given ser. A propositional function
(x) which has the property that P(a)

or, an open sentence or conditip,,
is true or false for each g o A
) whenever any element g €A s substinltedf "
€A is called the domain of P(x), and the set Ip of al] elemengg of g g, oy
alled the rruth ser of P(x). In other words,

IS an expression P,
Omes a statement (with 3 truth value
Vanable X. The
Pla) is true, js c

(b) ~F = o

q

) def;

They

or Tp= (x:P(x))

Ip = (x:xe A, P(x) is true}

When 4 is Some set of numbers, then P(x) tak

m ()h'mg the variah

B Evors 34 Let P
function on each of th
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€X numbers |

(1) Yes, P(x) is a
(11) Although Py
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the null set. In other words, P(x) is not true for any positive integer in N.
- B
g TAUTOLOGIES AND CONTRADICTIONS
L/ In some propasition P(p, g), if the |
4

propositions are true for any truth v;
tautologies. On the other hand,
only Fin the last column of is

ASLcolumn of their truth tables contain only T, i.e., the
ues of their variables, then such propositions are called
Proposition P(p, q.-..) s called a contradiction if it contains
0 truth table, i.e., if it is false for any truth values of its variables.
Furthermore, a proposition that is neither

i - a lautology nor a contradiction is called a contin-
gency. S0, the proposition *p or not P.ie.pV ~p isa tautology, and the proposition ‘p and
This can be verified by their truth tables, as shown in
s only two rows since each proposition has

potp',ie,.p A ~pisa contradiction,
Tables 3.13 and 3.14. Here, the truth tables posse
only one variable p.

TABLE 3,13 pV~p

TABLE 3.14 pA~p
p ~p (pV~p) n .

".p"“'.l;;f-, NN
Wty wn i T, ol F
BT i E T F

The negation of a tautology is a contradictio
tion of a contradiction is a tautology,

g EXAMPLE 3.16 Verify that the proposition p v/ ~(p A q) is a tautology.
Solution

n, since it is always false. Again, the nega-
since it is always true.

TABLE 3.15 Tllustration of a tautology

qu-ouv, -

P4 pra ~ere) pVEGRGT

- =TT
- m=m
—~ m ™™
Tl e
- =4
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3.8.1 System Specifications (Consistency)
\

1 ‘has | '“\h 1o
'..nm\.nmp sentences in natural \.ll\l-'l.ltll.-" :J\l:)rl\:Z':L‘“tv\w:]:?'l(’ 10g
bal pant of specifying both hardware m s l'm
consider natural language and produce p THC
used as the basis for system dcvclnpmcnl.
Propositions can be used in this Process:

Mgl %
.S)’\Icn, un(r;'k'\'\“'r
ambiguey, oo, .
following EXample

N \
| )
Oy, h‘“ N
ification ‘The automated rep ca
‘t_“ EXAMPLE 317 Translate the spCC"‘}““v”" 1 P Canng, be
System is full* using logical connectives.

sent and g: The fi]e
Solution 1.eq P The automated reply can b;e “:en( AgZin &
Ot the case that the automated re_ply can be ¢ re.qen[ed “
sent. (‘unquucnl\y. the specification can be repre:

Q Exampie 3,18 Investi

System fuj)
P: The ayy,, a

; The
the conditiona

n,
1 salremy !
emenl dnnlg
g N
gate the followin e . At ong, ;
“The diagnostic message is stored in the buffer or l,l 1S Tétransmitte
“The diagnostic message is not stored in the buffer
I the diagnogtic message is stored

in the buffer, then it is retransmitte -
Solution 1 ey p: The diagnostic messa : 7 The diagnostic
is retransmitted. The specifications can then be written asp Vg, “P.and p q. AJ] th
SPecifications wily be true if p would have been false, so th_al ~P1s true, T, Mak .
P Must be made fa)5e and ¢ is true, Finally, because P = q1s true when p jg false
We conclude thay the given specifications are consisten;.

g system specifications gg Consigte

ge is stored in the buffer ang

@
>
E~

91
3.8.2 Principle of Substitution
We haye already discussed the construction of tautology. However. there exists another
of Creating tautology through the principle of substitution (or replacement Process)
will describe now,

Which We

F:P*’(q-—»
T4V orinF, we geta

") If we noy Teplace ( i
i 97=>r) by an €quivalent formy,
nother formyl, G:p+(~q V 7). The .
= = « Then, tha :
G are equivalen 10 each other, Tpjg Process of obtaining Gz_f)ca’;:‘(eﬂfy tformulae F ag
fon principle, 0. S

as the substiy.
nstruct 4 substitution instap,
the simple Proposition (with,
For instance,

Ce of a £y Mlhons S
: out ¢ u I’mf'.lolf tl:e proposin
P=*qis not 4 § on instan
rcplaL‘L‘d hy L

llbnlj( s ives) and not prup()s_'iUOﬁ
Ly, | . .
but not by ~ . ok P because it must be

K N
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Vq\u w19 Show that the Praposition (p iq) (P~ g s o tautology

sisteem The given
~ | OPOsiiion can h(. ‘.\',“.\\“' in the form p P, where n n o
we p IS A taut .
S ‘ ology. then by the principle of substitution (p q) (p g 1s also
a l.u:ll‘H"L_';)_

7 ’ xAMPLE 3.20 Prove tha i (7 *r)es p o resp A gq)—>1
Solunon 1t s knov ;
' ' OWN that g~ e q vV r. Now, replacing ¢ —r by ~q v r. we gel

p U g Vo which is equivalent 1o

PV (~ gV r). Then,
) ( V ) e
. TS =p =g vres - PAgVrepPAgq—r
by associativity of v, De Morgan's law a6

It 18 possible to substitut

B € more than one variable by othe variables provided all the
substitutions are y Ve p

assumed to be occugred simultaneously.

yhmm.ﬁ 3.21 Show that P9 A (rogespy Aoy

Solution 1t is known that P—q) A (r‘—’q)@(“'h V @) A (~r V g). Then, replacing
p—qand r—gby(~p vy q) and (~ r v q), respectively, we get

" =PV Vg [replacing (~ p A~ r)by ~ (p V 1]
ey S @EVr—g [v~pVgep@—9l

LOGICAL EQUIVALENCE

qu propositions P(p, q,...) and Q(p. q,...) are said to be logically equivalent, or simply
equivalent or gqual, denoted by P(p, 4....) = Q(p,q,...), if they have the identical truth
tables. The notion can also be defined as the propositions P(p, g, ...) and o(p.q....) are log-

ically equivalent if P<> Q s 3 tautology. The equivalence of P and Q is also denoted by
P 0.

For example

(i) Consider the truth values of ~(p A g) and (~p) v (~g) as shown in Tables 3.16 and
3.17. Here, it is seen that both the truth values are the same, i.e., both the propositions are
false in the first row and true in the other three rows. Accordingly, we can write
~( A q) = (~p) V (~q). In other words, the propositions are logically equivalent.

(i1) Consider the statement It is not the case that Kolkata is in West Bengaland 4 + 4 = 9.
This statement can be written in the form ~(p N g), where p: Kolkata is in West
Bengal and g: 4 + 4 = 9. However, ~(p A g) = (~p) V (~g). Thus, the statement
‘Kolkata is not in West Bengal, or 4 + 4 is not equal to 9° carries the same meaning as
the given statement, i.e.. the propositions are logically equivalent, as shown in
Tables 3.16 and 3.17.
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TABLE 3.17 ¢ “P) V'I(‘*(/)
Fawie 316 PAG) q ~p g Sy
P ¢ pig ~prg) % -
4 Spplul " F . R
T T ¢ F AP )
T F F i F i i F
F B F

39 3De Morgan’s Laws

¢ generally yge a
Ucular, the Compoy
lables agree There

s of two com Oun Prop,. . ;
: show the equivalency ; : Po,
u;uxh mblic[i?nz';):n d g are equivalent if ang only if th c
d propog !

Ufls
mnsj 'Iﬂ
- a Ny By
: ivalences, known as De Mo, 3
are two laws of logical equ Sany ’%_,..""u
lawsg are
L ~py q) = (~p) A (~q)
11 ~p A q) =

(~p) v (~g) : ' \
i a disj by takip \
Yot 't'onS. This as : s 18, "nj]
"65‘?“0"“ g e ’:)rtf’:(c:f)‘n;'unction is formed by taking the dxs;uncuo arly
sitions, The usage of De Mor

€, the Negatiop

T Of the Hi
) : - n
gan’s Jaws jg Showp, in the fOH?‘t
B/ Ex PLE 335 By using De Morgap g laws, express the negatiop, of
I //'gir:zas 4 cellphope and she py a laptop computer’
, and

Solutiop et ptop computér: Then, 'Rina
Cellphope and she pa alag €I can pe TCpresenteq by 9- By De Morgan‘
~PAg = (~p (~g). Consequently, the Negation of the o ina]
€XPresseq 4 ‘Ring does poy ave 4 cellphope and g
Lr: Papy Will gg ¢ ec

C ment Can
a lapgq
€It and . Bahby will go
the Concert o Bapy will go to the ¢ ert’ ¢
et (07 §) = (~p A
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- o W e twi aolumns he ool Py J
e et ')

!‘ P AM By vy abvle L 1w how the ; | ‘
e " Frs sgunvaem ey o p i) tJ

Tamiy L0191 g

dence of PALGY ) and | PAQIVIPAR
} r : ,

— e e e ereve
- 3 ! T 1 T .
1 T ] I 1 T 1 1
1 I 1 T 1 . " T
1 I I i . I / §
s T G F ¢ 3 ’
r T F T P . o -
R e 3 oy F F b
F v F F P 8 . . :

Since the two columns, headed by p (g vV ry and (p 7 g)vipAr. of the truth
» 319 agree. the two o ) 8 7 ) |
Table 3.19 agree .lhu WO compound Propositions are identical. This shows that pA(gVnis
eguivglent to (p A q) v (p A ).
/, ~
A xAMPLE 3.25 Show th

al p < g and (p=>q) A (g=>p)
Solution Table 3.20

are equivalent.

TABLE 3.20 Equivalence of P<=qand (p= g)A(g=>p)

i F F F T F
/

XAMPLE 3.26 Among the two restaurants next to each other, one has a sign that says ‘Good
food is not cheap” and the other has a sign that ‘Cheap food is not good’. Investigate the signs
regarding their equivalence.

Solution Let p: Food is good and ¢: Food is cheap. The first sign says p— ~gq and the
second one says g — ~ p.

TABLE 3.21 Equivalence of p — ~gand g — ~p

F F T T

& T
B T i B T ok
ORT - B T P
BT F ¥ F gl

From the truth table shown in Table 3.21, it is observed that both the signs are equivalent.
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“CAL IMPLICATIO

L 0 LOGICAL | caid to logically imply a proposition O
PP ¢ &~V ) is true whenever P(p, 4 ) *

y Iy 4 2 <) ig n
y ogically imply a L Tug.
position P is said to log J P p"‘Dnsnmn Qh\

e

A oo
—a \)!." q

™

Jdeo he defined as: A pr

" R R ; . 2
322 [t is observed that p is true in Tan X

‘ or Table : > Bl Ivnin
For example Conside quently, p V 4 i also true in these cases.
and conse b 4]

rows | and 2 ) is true whenever
" Now, if O(p.4.-- -
gl s m‘ic_ then the argument P(p. ¢..--) F Q(P.gq....)

™y

s valud JDJ L P=’Q l\ alwa)'S true. i‘e_'

T
is valid if
; onverse. Moreover, the argument PF Qi ;.
t
and oalv if the conditional statemen s

el e

4 '.!Uh"l‘g\

i g BGE el

= FXaspLE 3.27 Show that p < g logically implies p = ¢ e

Soluniom First of all the tables of p «<» g and p = g are constructed as shown in Tapje iy
MO

the tble. it is observed that p <> g is true in rows 1 and 4 and p = q is also trye iy ‘hese-c ;::‘

TaBLE3.23 (p—>q) 2> (p=¢q)

~ -
= e IS I
= omomo
Hma e

1 B MPLE 3.28 Show that p A g logically implies p <> q.
TABLE 3.24 (pAg) — P q)

Solution Consider the truth tables of PAqgand peg as
shown in Table 3.24. From the table, it is seen that pAqis _

true only in row | and simultaneously the proposition p <> ¢ T T T e
is also true in this case. Thus, p A ¢ logically implies p < g. T F E 8 ';; ;
TRIR L
3.11 NORMAL FORMS £LF LA

are known as normal Jorms or canonical Jorms.
For simplicity we use the words product in pl juncti i
_ : place of conjunction and ¢ is-
Junction. Some of the basic normal forms are as follows: T E
L. Disjunctive normal form (dnf)
II. Conjunctive normal form (cnf)
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1 11.1 Disjunctive Normal Form

sical expression, o product of (e variables
bor mstance, * K, Q P
o the vartables and (heyy

‘ : ;
o 8 I and then negation s called an elementary

K, el

i are elementary products. Also. -

P negationy 1y
- o~ P (& K are clementury
[he elementary sums or products satis
An clementary sum is identical

Called an elementary sum. For instance,
SUms

Iy the lnllnwnm properties

- Y true if and only 1f

hich one is the negation of It contains al least one pair of factors
- If an elementar ,"\'u“ " ‘I' the other. (A part of the elementary sum of product which
el i ary 1 O o v
is it y Product is called g factor of the original sum or product.)

An clementary product is identic: .
An ele % I e (lg nucally false if and only if it contains at least one pair of factors
in which one 18 negation of the other

(n)

\ logical expression is called a disjunciiye

B i n normal form, abbreviated as dnf, if it is a sum of
elementar) -

o exan‘ple The l‘nn“s p \/ ({, A r) and PV (».q A r) are in dnf TABLE 3.25 EXC‘USiVC

)18 in dnf. For ex; > COng; k >
butp A (g V r)isnotin Xample, consider the ‘exclusive OR®  OR/P® O
p& Q. as defined in Table 3.25. That is, p i ek .

D Q is true iff P
Q is true but not both. Thus, P®Q is C(qui\/lz:;‘ctn:”l:ntch:[f{)rorr: —
(~P A Q) V (P A ~Q) which is its dnf.
[n general, we ()‘blain. the dnf for an n-variable propositional form
(P Py s P, ) trnm its truth table as follows.
For each row in which f(Py, P, ..., P, ) assumes the value T, we
form the conjunct.xon P /\ PoA -0 A SN W where:, we
[ake. P ['lf lh.:r:a;iﬂc;: in the kth position in the row and' ~F, if there is an F there. This
conjunction i minterm. Then we form the disjunction of the minterms as

H=mT
Hm-am
m=-T

P A ~P2/\-"P,,)V(’\'P|/\P2/\"' NPn)V"'V(Pl /\Pz/\"'P,,)

Thus, the disjunction of the minterms yields the dnf.
g ExAMPLE 3.29 Find the dnf for the propositional form f(P, Q, R) defined as (see Table 3.26).

TABLE 3.26 dnf of f(P, Q, R)

H-H-S-STmmm
SN-STmTmH=STT
Sm-am-Sm3m
Smm-T-TmS

Solution The dnf is expressed as (~PA ~ QA ~R)V(~PAQA ~R)V(PA ~Q0A ~R)
(P A QAR), which is the required dnf.
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“ L‘.IW\ £ 330 Find the dnt ol

/{"Ulmn
y v ) (r )

) ) ) (~ (#
i UHHI - [Sinee K
I
> \/ ) ) y
/ oNP/! Q) Vv (=7 ¢)
( 5 9 g yv Q7 )
(=P ! oAP Q) PV e’ .py Vv (F ¢ (
)
pA~@N pAQ P A~=P i P EEY (P A ~Q) V(O 4
( .
é ~(~q Y 1))
Q EXAMPLE 3,31 Determin® the dnf of 7 (p=4 (~4q /
= Solution
/)ﬁl,(p—f’q) A ~(~qV ~p))
IV ( G 3
=~pV ((p=>q) Nz W =p)) = Py (=P Y q) (~q V ~pp
o “((*’7/ (q/‘/))) / (g A«
p Vv / A

AgAP)=
qgAP" p) == v V@A

|

~p Vv (~=pV q)
= —p v (=P A g) N p) Vv

E~pV(p«'\q)

which is the required dnf.

unctive Norma
duct of elementary su

!l

| Form

ms then that form is called a conjunctive p
J Orm,
ul ,'
Ir”\

3.11.2 Conj

If a form is 3 pro
It is abbreviated as cnf.
~p A (g V 1) e in cnf.

For example The formsp N 7T and

f of the following:

L}/é«mn 3.32 Find the cn
T p A @=9
r) A ~((p V rAq

(p
(mMV@A
Solution
(i pN (P=’4)
i) (g vV (P A r) A

=pA(~PV g) (which is in the cnf)
~((pV T Ag =4 vipAnAn) A (~(p V r)A ~q)
gVADV(=P A~r)V ~q
(g vV p) AlgVvr)/ (~pV ~q) A(~
rV sy

(which is the required cnf)
’ '/ .
3.12 ARGUMENTS
L Anargument is a positive declarati serti
" Jalled premises, yields another on (or an asscrtion) that a given set of propositions P,
\ / ngrnd A kp;}oposluqn Q, called the conclusion. Such an 2 1o Py
or. g fam.l.e., PI’I)Z .... Pn - Q(m . F' agd::‘mu.
’ means )

P]/".i’;\/\..../t P,.=Q
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AD argument whs A 4

g\

m vy ”m“‘.

|

gEUMEN represented as p.p=s
9" g1 a vahd one
f detac hment

w can be readhly available from 1

1" the rule s called the Jay Tamg 3.27 The law

"‘l ol of
‘ of detachment

tble 127 In partic

) “’Im

¢, both p and p =3 4 are true iy .

e 1 row 1, and in th ‘
. & IS Case g 18 4 . .

s U I " “

e following argument is g fallacy P ot o becuuss T T T
p=og and q. both are true in row 2 in Table 127 v i F F
However, in this case p is false - F ‘i y
Thus, the argument A, P, . p | 15 valid if and only if ¥ : 2

» proposition P, P A AP
the prof ' 2 P, = Q is a tautology.

: ical reasoning states that ‘if p implies ¢ and ¢ implies r then
, implies 77 1€, the following argument P=>q. q=>r}+ p=>ris valid. This rule is known
« law of svllogism. The rule will be verified in the next example

\ fundamental principle of log

ExAMPLE 3.33 Verify the law of syllogism by a truth table. i.e., show that the proposition
9 p—=P N G—=r—=(p—r) is a tautology.

Solution The truth table of _lhe law is given below. It can be seen from Table 3.28 that the
premises P = 4 and g are true in rows numbered 1, 5, 7, 8. Also, the conclusion p = ris true in the

said rows. S0, the argument is valid. It may be observed from the table that, since there exists three
variables p. 4. and r, the truth table requires 23=38 TOwWs.

TasLE 3.28 Verification of law of syllogism

-

I B U P R

— -

e A

\»; o ",'
aieke e

ks

TTT TS -
el e s B B o B e s I
—mmmTm - S8
Eaties e s B B B s e s I I |
P e e I B s B o S B
— M=~ Tm—
R e R B e R R

T
F
I
B
T
F
T
F
|

‘g'ﬂ'ﬂ—l—l'ﬂ"ﬂ‘-l'-)
T
P R L
—mmmmeE -
wHHSHT T
mHETHT M

Now, we use the above theory to arguments involving statements. We make stress on the
validity of an argument which neither depends upon the truth values nor upon the content of
the statements appearing in the argument, but upon the particular form of the argument.

This is illustrated in the following example.
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Wy, PN Mathematn s

argul ment:

Fxaert b A M Consider the following
N
» 11 a petson is (hterate, he 1s unhapp:

A L'
If a person is unhappy. he dies youn:

v

Iiterate persons die young
.unumcnl-

pand ¢ den |
¢ given argument 13

Invesngate the vahlidity of the o
ote the premises and the Stater

Sodution Here, the statements of the form ent o)
conclusion of the argument. Th

=9 =rkp=r ; . :
e I w of syllogism) is valid.

3.33 the argument (la

eDl’Q

\

Hence, by Example

argument is valid:

gt TP

Solution First of all, the truth tables of the Pfenz";iei:;g t:;znc t)pniuix‘c;n ife CODStmc‘Ed "

is shown in Table 3.29. It 1 e ff;[?s also true. Thus, the argl‘lm;;t?s 321'dr % |
id, "o

simultaneously in the fifth row. in which

Exavprr 3.35 Show that the following

B Ol

r

TasLE 3.29 Validation of the argument :

p—’~q,r—->q.rl— ~p

oo Bl B B B o - B B
o I B I R S T I
e e s T T O ey
HmE g

3.36 Show that the following argument is a fallacy:
p=2g. ~pk ~ @4
Solution The truth table of [(p—¢) A ~pl = ~qis first constructed (Table 3.30). Since
proposition [(p —¢) A ~p]— ~gisnota tautology. the argument is a fallacy. In the same
fashion, the argument is a fallacy since in the third line of the truth table p — g and ~p a
true, but ~ g is false.

TasLE 3.30 Illustration of the fallacy of an argument p —> ¢, ~pF ~¢

e e
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3.13 RULES OF INFERENCE

18 observed in lo nical reaso
It g \Soning that a certain number of propositions are assumed to be true,
and based on that assumption

that are assumed 10 be true ;ll\x"“:'\':‘ll“‘l|lwl APl‘nlpn\nm,\\ nES dm.lwd G JHSRRNG, S00 IO
@sing the rules of inference is L"ll‘l ; ;( /T'('{nm-.\ or h\'[n-)Ihl'.\l.\ and the proposition derived by
nd by Mt i s iyl . eda \ulu{ argument:; in other words, an argument IS valid if
Sl A possible for all the premises to be true and the conclusion to be false. Rules
!j mference can be u\cd. 10 derive new statements from the existing statements. These are the
o VN’\“‘. tools for constructing valid arguments and establishing the truth of sentences.
We will present here some of the important rules of inference, as shown in Table 3.31.

everal rules of inference

s m I-r ) S T e e 1
= g TdtogIcal | t ¢ h . P

TasLe 3.31 S

P
S.pVag Addition
pPAg .
P ) Simplification
P
R
S.pAg @ AN @)—=(pAqg) Conjunction
P
Pq
o [P—q) Apl—gq Modus Ponens
R=q
~q
— [(p—9) A ~ql—=~p Modus Tollens
P24
q=r
s [@—¢) A(@—=nl—@—r)  Hypothetical Syllogism
PVgq
s [PV @) A ~pl—g Disjunction Syllogism

Now, we will discuss some of the important rules of inference in propositional logic, consid-
ering those statements, which are logically correct arguments.

% i 2 of Detachment (or Modus Pones)

 _Here, the tautology is (p A (p — q)) — g, which is the basis of the rule of inference called the
\ / law of detachment, or modus pones (modus pones is a Latin word for mode that affirms). This
/ tautology is presented in the following valid argument form

Lo
v
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swertions above the honizontal hine are called prem;ge (or p,
)

the a
g (‘l‘nu[c\ ‘

delow the hine 18 called the conclusion (the Sy mbol * .

modus pones expresses that if a conditional statement and the h\‘p(,”
¥ 188y (0 % In

satement are both.true. then the conclusion must also be trye.

For example Assume that the conditional statement, *If Tany ge
anu gets a first class’, are true, Then fy,

#eta job" and s hypothesis, ‘T

lows that the conclusion of the conditional statement, “Tanu wil] get a job'

Lt p: Tanu gets a first class and g¢: Tanu will get a job. Then the Premige, %
Y are

the conclusion is g. The inferential form is thus
I7
P—4q

ol

[t may also be noted that if one or more of the valid argument’s Premises is fajgq then

argument can lead to an incorrect solution.

E Ex E 3.37 Determine whether the argument giye_n here is valid ang also s
hether its conclusion must be true because of the validity of the argument, My,
-~ 7 . , 49,
i ‘If V3 > 7 then (V3)" > . . Consequently, 3 > e
Solution Let
sy
. > —
p:V3 n
and
7\2
3> (=
43 (4)

The premises of the argument ar
because it is constructed by using modes p
premises V3 > 7/4 is false. Consequently, we cannot conclude that

Furthermore, the conclusion of the argument

-13.2 Law of Contraposition (Modus Tollens)

S afirg ),

d.\\“ t y

m eh ..
m”du,‘ n rizn

s D()ne\ h“
¢ I [

Da
dng
Py

vallq

e p and p— ¢, and ¢ is its conclusion. This argument s ygjjy
ones, a valid argument form. However. one of ji

the conclusion is trug,

is false, because 3 < 49/16.

_/P(rc. the tautology is (p — g) A ~q — ~p, which is based on the /gy of contraposition or
word meaning mode that denies). The tautology is

maodus tollens (modus tollens is a Latin
expressed in the following form:

' ~p

The validity of modus tollens can be shown to follow fmn? the modus
fact that a conditional statement is logically equivalent to its contrapo

Pones together with the
sitive,

e
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3.16.1 Universal Quantifier

It has been observed that several ”lillhk‘l)l;llig'dl \l;llL‘HlL‘Hl\
called the domair
The universd
for all values of x n this domy,

affirm that a property is true fo,

value Lt . : of discourse (Or the univer.,
r_llm S of a variable in a particular domain, 4 ¥
discourse), and often just referred to as the domain.

ts P(x) is true _
when we vary the domain. Wjy,

] quunlit‘ic;ninn of P(x)

p.;u'uuul.u' domain is the proposition that asser
I'he meaning of the universal quantification of P(x) varies
domain, the universal quantifications are undefined.
Consider the expression
(Vre A)P(x) or YVxP(x)

. 3 . . y 1 ‘f ¢ g x) )
which reads ‘for every x in A, P(x) is a true statement , O simply, “for all x, P(x)". The syn}
the universal quantifier. The statement (3|

\-
v

which reads ‘for all’ or ‘for every’ is called
equivalent to the statement

Tp = {x:x€A, P(x)} = A

i.e., the truth set of P(x) is the entire setA.
The expression P(x) by itself is an open sentence or condition and therefore has no

value. However, it is preceded by the quantifier, does have a truth value which follows I
the equivalence of Egs (3.1) and (3.2). Specifically,

O;:If (x:xeA, Px)} = A

then Y P(x) is true; otherwise Yx P(x) is false.

RPT An element for which P(x) is false is called a counter example of Yx P(x)
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" Itis observed from the mathematical

stdement 2y |
\ 1}
quantihcation Vv Py, where the (

EXAMPLE 349 Let Oy e the

Matherniat v Loy 1‘9
For example

(1) The proposition (vy Nite 4 )18 true sine
(X1 & 4 ' 1% %
() The Proposition My I . | ) then for all () Fanlne
not e wata

tatement, since 1S

Exanmer e VAR | ¢ P(x) be (he i

What 1s the truth value of the

lomam onsists of all real numbers?

Selution The quantification Yy |

"(X) 1% true because /

"(x) 18 true for all real numbers x

V. What is the 1
all rea) numbers?

NLO(x) is not true for eye
4is a counter ex

Statemeny X

v Q. where the domain CONsisty of

ruth value of the quantification
Solution The stateme

‘ ry real number x because, for instance. Q2(4)
18.0a18¢, 1.6, x

1€ statement ¥x Q(x). Thus, ¥x Q(x) is false
atement Vx N(x), where N(x) is ‘Computer is connected to the
auon of the statement?

Solution The statement Vy N(yx
is connected 1o the network

ample for
Example 3.50 Consider (he g
network™. What is the implic

) means that for Every computer x on campus, that computer x
(see Table

, 3.32). This Statement can be expressed in English as
‘every computer on campus is connected to the network’,

3.16.2 Existential Quantifier
Such statement can be expressed

I1s called an existential quantifier. The existen-
tial quantification of P(x) is the Propositi
Consider the expression

(3x € A)P(x) or 3x, P(x) (3.3)
which reads ‘there exists an x in A such th

at P(x) is a true statement’ or, simply, ‘for some x,
P(x)’. The symbol 3 which reads ‘there e

xists' or ‘for some’ or ‘for at least one’ is called the
existential quantifier. The statement (3.3) is equivalent to the statement

Ip = {x:xeA, P(x)) # b

i.e., the truth set of P(x) is not empty. Accordingly, Jx P(x),
tifier 3, does have a truth value. Specifically,

(34)
Le., P(x) is preceded by the quan-

Qy: If{x: P(x)) # ¢
then Hx P(x) is true; otherwise Jx P(x) is false.
For ple

1) The proposition (Jxe N)(x + 4 < 7) is true, since (xx+4<7)={1,2) = ¢.
(i) The proposition (3x € Z)(—1 < x < 1) is true, since fx=-1<x<1})={-1,0,1}=¢
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. whe
) INSIAnce, hen « ‘

e P(x) I8 the statemeny
ol exceeding 3 e

osition 21X P(x) is the .
 Sem

, 3}, the proP

N EL
' 7 ¢ that x Plx
e: It follows that 3x P(x) is alsg .

l'~.‘;j"‘“ (s {
- .2—1 > 8.- 15 tru
TABLE -'-—12 Ou‘-muﬁdf p— . ' Fm WW v n.‘%
m“ W a-x The,eisanxfor which P(x) is fajy,

. for every i for eve
- ) Px) xs_ U::x o which P (1) is true Pp(x) is false 1o Ty X

IS

Zx PLY)

nce of the variable is called boung
ound by a quantifier or et is said to be free. The
must be bound or set equal to a particular vajy
by the combination of universal quar.

3.16.3 Bound variables
ed on the vari
a variable that is not b
variables occurring in 8 propositiona! function :
10 convert it into a proposition. It can be m:'adc possible
tifiers, existential quantifiers, and value assignments.
For example Let x and y be the variable in the statement Jx (x + ¥ = 1). Actually, the van-
jal quantification 3x. However, the variable y is free, since it is

able x is bound by the existent!
not bound by a quantifier and no value is assigned to this variable. This shows that, in the state-

ment “x(r + y = 1), x is bound, but y is free.

If a quantifier is appli able x, then this occurre
Also, an occurrence of

7 INTRODUCTION TO PROOFS

In this section, we discuss the noti
: tion a ' troeti
A proof is a valid argument that es’tabl? ::els”::zft::ni df-'fSCnbe metho@s for USSR feoods
The toctmigues of proof, we will dis e | of a mathematical statement.
Wi -mic i) » we will discuss in this chapter, are important not only bec, the
= n’cw{’ ; ma ematical lhf:orems, but also for their man y applicati s .y
’ o):cmz}h applications are used in verifying that computer progranf R e
sysie g S S are corr ishi
speciﬁc‘aiois m’zbcf{‘ ff‘llrc, making inferences in artificial intelligen cm:mwug g
Tt e;se - n.s:.slgnl. and so on. To understand the techni gence, - .tha: Sys-
ssential both in mathematics and in computer scj IOTR. pwoofs
science,

.
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ven integer, then 4 is an even integer.

nteger and g: k is an even integer. Assume first thy, .
o, k must be odd, i.e., k = 2m + 1, for some integer :

= 2(2”12 + 2m) + 1

n ExampLe 3.55 If k% is an e

y X0 .

Solution Letp: k= 1s anevenl
then k is not an even integer. S
%

k2= @m+ 1P =4m* + 4m + 1

i, k% =2n+ 1, wheren = 2m?* + 2m. So, k? is odd and ~g — ~p. Hence, by confl‘am

Siny
. Ty

sition, & is an even integer.

3.17.6 Contradiction (reductio ad absurdum)

In this method of proof, we assume the negation of what we are trying to prove and geta]

ical ‘commdiclion. So, our assumption must have been false and what we were on'g,‘no )

required 10 prove must be true. To prove p — ¢ is true, we construct the procedure as follo;:vuy
5

(1) Assume p A (~g) is true.
(11) Using the assumption, search some conclusion that is false,

(1i) The contradiction obtained in step (ij
; ep (ii) leads us to i 5
which powers that p— g is true, the conclusion that PA(~q)is false

Exa i
; MPLE 3.56 Show that if x> — 4 — 0, then x # 0,

Solution Assume that x = (), thep ()2

the as ion th; ; e i '
© assumption that x = () js false and we have proveg; mh,tCh o e oo
al x # (), ;

E "
; XAMPLE 3.57 Prove that \/3 i not a rational numper
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and We can assu

IS & rationg] number. Thep we ¢
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‘h I - . )
Ihus ¢ Hence, a7 15 o multiple of 2

re of any odd numbe I and is therefore even. So. a must be even, since
the sJua Mg s also “\ltl .“lll\ i $ .
+ 2 divides » ¢ > 2m for some
Caeger mo Hence, les a and we can write a
‘I‘: - 3
- (<m) 52 y
or, 2h dm* or, b2 = 2m?

hus, B° is even. Hence, b is eve
. > e Bbate even. But now a and b have a common factor of 2, which is a
"\\nll.hllkll\‘" 1O the statement that aand b have no common factor

aclors.

Hence. our initial assumption 2 B> s ) ¥ RRasi : .
: . P that V72 js 4 rational number is false. Thus, V2 is an irra-
rional number

], 17.»7’ﬁ‘;thematical Induction

" Statement: A sentence which can be Judged to be ; i
: ‘ : tn]e 0 als el ] Y - enerall
ek I b o e ot r false is called a statement. We g Y
For example
i) p(n):2" is divisible by 2 forall nen.
It is clearly a true statement.
(ii) p(n): (10~ + 3) is prime.

Clearly, p(3) = (10.3 + 3) = 33, which is not pri i t
hold for all natural numbers. prime. So, the given statement does no

In general, qxgthgmatnca] induction can be used to prove statements that assert that p(n) is
true for all positive integers n, where p(n) is a propositional function.

To proof a mathematical statement (in the form of a formula) by mathematical induction, it
requires two steps, a basis step, where we show that p(1) is true, and an inductive step, where
we show that for all positive integers k, if p(k) is true, then p(k + 1) is true.

In a proof by mathematical induction, it is only to be shown, if it is assumed that p(k)
is true, then p(k + 1) is also true.

The principle of mather.n.atical induction can be expressed as follows. Let p(n) be a statement
which is defined for the positive integers n = 1,2, 3,... . Then p(n) is true for all positive integers
n provided that

I. p(1) is true.
II. p(k + 1) is true whenever p(k) is true.

Therefore, three steps are required to prove mathematical statement, using the principle of
mathematical induction:
Step 1 (inductive basis step): Verify that p(1) is true.
Step 2 (inductive hypothesis step): Assume that p(k + 1) is true for an arbitrary value of k.
Step 3 (inductive step): Verify that p(k + 1) is true on the basis of inductive hypothesis.

(replacement of basis step) The principle of mathematical induction chooses first
n = | and then proves that p(n) is true for n = 1. On the other hand, we can choose
an integer different from 1, say, n = p and prove that for n = k + | assuming that

the statement is true for n = k (k = p).
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!
i hy ," "~l‘
"“'h,"‘-
Faastry LS8 Show that if n is @ positive Integer, then ,
A A
nn + 1)
| s : e 1 4 =N - =
’ he statement that the sum of the £
Solunion Let pn) be the proposition " | first )Siuve in
+ I
"(i' _’—) egeh
1
, ) is true for n = |, )
sl = 1,17(")[!]1(3 conditional szatz' 3, Firg; of
will show that p(1) is true and, secondly, that ement g4 imp],':”‘ \
sk + Distruefork =1,2.3..... S‘ha,
Inductive basiy step p(1) 1s true because
I(1 +1)
2
Incduc tive hpothesis step Assume that p(k) holds for an arbitrary positive integer f, ie.,
kk + 1)
142+ - +k= ——

Indwctive step Under the assumption of inductive hypothesis step, it will be shown that
ptk = 1) 1s true, namely, that

(k+ Dtk + 1)+ 1] o (k + 1)k + 2)

l+2+ -~ +k+Gk+1)=
ki ) ) P
1s also true.
Adding (£ + 1) 10 both sides of the equation in p(k), we obtain
k(k + 1
Il +2 4+ - +k+(k+l)=%+(k+l)

_KE+ D A2+ 1)k + 1k + 2)

E 2

which shows that ptk + 1) is true under the assumption that p(k) is true. Thus, by the use of

I

matical induction, 1t is shown that p(k) is true for all positive integer n,

Examrre 3.59 Show by mathematical induction

1 h, +__‘_,_ n
19 +2.3 aan+ 1) n+l
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Solution 1.c1 pin) be the given statement
M""\l basts sStep 1o

L. pUl) s true
Inductive hvpothesis siep Assume that pik) is true. Le.,
| . | i 1 _ K
& 1.3 k(k + 1) &k +1
is truce.
Adding
|

k + 1)k + 2)

on both sides of p(k), we obtain
1 1 1

-+ + .o %

- 1
12 2.3

K+ 1) k¥ Dk +2)

-k | _ Mk+ 241
k+1  (k+Dk+2) (k+ )k +2)
K+ 2k+ 1 (k+ Dk + 1)

k+ Dk +2)  (k+ 1)k + 2)

k + 1

T k+2

Thus, p(k + 1) is true whenever p(k) is true. Hence, by the principle of mathematical induc-
tion is true for all positive integers n.

EXAMPLE 3.60 Prove by induction that the expression for the number of diagonals in a
polygon of n sides is
n(n — 3)
2

Solution Given that there are n sides in a polygon. Among them consider two sides for the
diagonals, possibly by "C, ways.

Thus, the total number of diagonals is "C, — n, i.e.,

Ba) o mn —3)

2 # 2

LE 3.61 (extension of one of De Morgan's laws) Let Ay, A,, ..., A, be any n sets. Show
by mathematical induction that

(QIA.,-) - QT.'
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EXAMPLE 3.62 Show that the state :
n satisfies the inductive step but has no basis.

g 255 = (n + 2( -1 y
Solution Let p(n) be the proposition that 2 + 4 + 2n = (n Wn )

; imoli = = 1), which is not trye.

(1) (1) implies that 2 (1 +2)(1 &

(ii) frp(n) Were true, then2 + 4 + ... 4 2n = (n + 2)(n 1) would pe "’"e-andb,
adding 2(n + 1) 1o both sides we would get

2+4+---+2n=(n

=0t 3)n = 4

Hence, Pin+ 1) would also pe true,
Thus, the 4 i

*20n - 1)+ 25 + 1)
)+ 2ln + 1) - 1]
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