
3 Mathematical Logic

LEARNING OBJECTIVES
After reading this chapter you will be able to understand the following:.The rules of logic that help to understand and reason with statements.The circumstances underwhich the formulae will be regarded as being true, whicn

is the semanticsof the theory

.The compound propositions that play in response to logicalequivalences
The propositional formula that canbe expressed in certain normal forms,namely
disjunctive and conjunctive involving connectives
.The use of both direct and indirect argumentsto derive new results from those
already known to be true

The predicate logic that can be used to express the meaning of statements in

mathematics and computerscience by the ways in reasoning and exploring rela
tionships between objects

The necessity of quantification to create a proposition from a propositional
function

.The rules of inference that areused to produce valid argumentsin propositional

logic

.Several methods of proof that are implementedto show the validity of statements

1 INTRODUCTION

Logic is the basis of allmathematicaland automated reasoning. Infact, logical reasoning is the

essence of mathematics.The Oxford English Dictionarydefines the word 'logical' as 'correctly

reasoned'. 1It has practical applications in the design of computing machines,inthe specifica

tion of systems,in artificial intelligence, in computer programming, and in the other areas of

computer science.

Mathematicallogic is a subarenaof mathematics with close interactions with computer sci

ence. Itincludes the studyofthe expressive power of formalsystemsand the deductivepower
offormalproofsystems.To understand mathematics,we must think about a correct mathemat

ical argument,i.e., a prooffora theorem.Studentsof computer science often find it imperative
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essential roles when we verify that computer programs produce the correct
output for

as howimportant proofs are in computerscience.
In fact, theorems along with their

prootsp%

possible input values, when we show that algorithm always producesthe correct

Kesult

when we create artificial intelligence

For hardware design, it is a propositional
logic which, at present, is most

applicable

enables us to handlethe desired behaviour
of gates and circuits. We discuss the

.undamen

ideas in Sections 3.2-3.5,
and describe the method of truth tables fortesting

the

validity t

formula. In Sections
3.6-3.8, we present theviews of semantics(meaning

of

statement), namely a formula which is provable in thesystem if and only if it is
always

thy

proposton

(atautology); or, more generally,
that it is formallyderivable

from a set
assumptions

only if itistrue under every assignment of truth values making all the assumptions
true.

have then carried on to look on logical equivalenceand
logical implication

in

respect

Sections 3.9-3.10of which theformer
one shows the equivalence

of twocompound
propas

tions by using truth tables. In Section 3.11, we give a standard form for
proposition

formulae called normal forms which are accepted as a better option to Construct
truth

table

We introduce
argumentsin

Section 3.12, which hold only compound propositions tobe
vali

Then we have investigateda
collection of rules of inference

in propositional logic in
Secti

3.13. which areamongthe most inportant
components

in producing valid arguments.
Nexl,

settoconcentrate
on an important way to create a proposition

from a propositional
function

that isquantifications
in Section 3.16. It expresses the

extent to which a predicate is

Lrue
ove

a range of elements.
Finally, we introducethe

notion of proof, and describe methods
and

con,

structive proofs in Section3.17.

3.2 STATEMENT
(PROPOSITIONS)

A statement
(or a proposition)

is a declarative
sentence(i.e.,

a sentencethat declaressafac

which is either true or falsebut
not both; and which is also sufficiently objective,

meaningh

and precise.
The truth or falsity

of a statement
is called itstruth value. The truth

values "Tn

and 'False'of a statement
are denoted by T and F, respectively.

Also, the value of a
stateme

if true is denoted by 1 and false if expressed
by 0.

For example Consider the following sentences:

(i)Kolkata is in India

(ii)4 + 2=6
(iii) 5<7
(iv) Bangalore

is in West Bengal

(v)xt 2=5
(vi)Where are you going?

(vii)Roses are red

(viii) Goto bed

The sentences (i), (ii),(ii),(iv),
and (vii) are statements; among them (iv)isfalse and othen

are true. The item (v) is nota proposition (or a statement),since
it is neither true nor false

can be a proposition if we assign a value to the variable x, The item (vi) is a question, no

declarative sentence,
hence it is not a statement. Finally, (vii) is not a statement, buti

command only.
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Statements are usually denoted by the letters
P.4.r, If p denotes the statementBangalore is in West Benpgal',theninsteadof saving that theabove statement isfalse,we cansimplyrepresent the value ofpas F

LAWS OF FORMAL LOGIC

Here,we will state two famous lawsof formal logic.
1. Law of contradicuon Forevery proposition p it is not the same notion that p is both trueand false.

)Law of intermediateexclusion Ifp isa statement (proposition), then either p is true or Talse
and there is no poSsibility of intermediate exclusion.

BASIC SET OF LOGICAL OPERATORS/OPERATIONS
In this section, we willdiscuss three basic logical operators/operations namely,conjunction(N),disjunction (V),and negation (~)which correspond to the English words like 'and', `or,and 'not', respectively.

3.4.1 Conjunction (AND,pA q)
If any two propositions can becombined by the word 'and', then we can create a new proposition called compound proposition. This proposition is actually called the conjunction ofthe
original propositions. Symbolically,p Aqis read as 'pand g'and represents the conjunctionof pand q.Since p^qis a proposition, it has a truth value, and this truth value dependsonlyon the truth values of p and q. Thus, if p and q are true, then p A q is true, otherwisep A q
is false.

The truth value ofp A q is shown in Table 3.1. Here, the first rowsays
TABLE 3.1 p^qthat if p is true and g is true, then p A q is also true. The second row

implies that if p is true and q is false, then p A q is false, and so on. It pAq
may be noted that there are four rows corresponding to the four possible

HL

L
L

combinations of T and F for the two propositions p and q.
T
T F F

For example Considerthe following four statements: F T

()p: Kolkata is in West Bengal and q: 4+4=8 F F

(i) p:Kolkata is in West Bengal and q: 4 +4 =9
(iii) p: Kolkata is in Orissa and q: 4 + 4=8
(iv) p:Kolkatais in Orissa and q: 4 + 4 =9
Here,only the first statement (i) is true. Each of the other statements is false.since at least one
of its substatements is false.

ExAMPLE 3.1 Find the conjunction of the propositions p and q when p is the proposition

Today is Saturday'and q is the proposition It is raining heavily today'.

Solution The conjunction of these propositions, p A q. is the proposition "Todayis Saturday

and it is raining heavily today'. This proposition is true on rainy Saturday and is false on any

day, but not on Saturday, and on Saturday when it doesnot rain.
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3.42Disjunction(OR, p Vq)

Iany two propositions can be combined by the word 'or'to
form a

compound

props

then the poposition is calledthe disjunction of the original

propositions. S

Symbolically.p

is read as p or g' and denotes the disjunction of p and g. The
truth

value
of

pqdepem

only on the truth values of p and q. Thus, if p and q are false. thenpV qis
false.

PVgis true.

The truth value ofp Vq is represented in Table 3.2. It may he

theriobserved from the tablethat p Vqis false in the fourth row when both TABLE 32p yp and q are false.

For example Consider thefollowing four statements:
T

0p Kolkata is in West Bengal and q: 4 +4 =8 T

)p:Kolkata is in West Bengal and q: 4 +4=9
()p: Kolkata is in Orissa and q: 4 + 4 =8
(iv) p: Kolkata is in Orissa and 4 + 4 =9
Here,only the last statement (iv)isfalse. Each of the other statements is true, Since at

least
one

of its substatements is true.

EXAMPLE 3.2 Find the disjunction of the propositionsp and q where p isthe
proposition

Today
is Saturday' andq is the proposition 'It is raining heavily today'.

Solution The disjunction of pand q.p V q, is the proposition "Today is Saturday or it is raining heavily today'.

The English word 'or'can be used in two different notions,namely, as an inclusive ('and/or')or exclusive ('either/or').

For example Consider the following two statements:

(i)p: Ashish will go to Kolkata or to Bangalore.
(iü)q: Thereis something wrong with the fan or switch.

Inthe statement (i), the disjunction of the statement p is used in exclusive sense (p or q butnot both); i.e., one or other possibility exists but not both.Inthe statement (ii),the disjunctive is implemnented in an inclusive sense (por qor both).
Here,at leastone ofthe two possibilities will occur. However,both could have occurred. In theinclusive sense, we shall always use 'or'unless it is stated.

EXAMPLE 3.3 Letp be 'Rekha speaks Bengali' and let q be 'Rekhaspeaks Oriya'. Give asimple verbal sentencewhich describes each of the following:(i)pV g (i)pA 9
Solution

)Rekha speaks Bengalior Oriya.
(ü) Rekha speaksBengali and Oriya.

Example 3.4 Assign atruth value to each of the following statements:
(i) 6+ 4= 10 V0> 2
(ii) 5 X 4 = 21V9+7=17
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Soo
True since oneof its components, ie.. 6 + 410 is true6 False, simcebth of its components are false

3.4.3 Negation (NOT, p)
Given anypropOSiton P anew proposition, called the negation ofp. can beormed by stating It is not the case that or Itis false that

TABLE 3.3 ~p

fssible by inserting inp the word 'not. Svmbolically,~pisread as 'not

for p, or,

.and denotes the negation of p. Thus, ifpis true. then ~p is false: and if

p

is false,then pis true. The truth value of ~p is represented in Table 3.3.

T F

Eor exampleConsider thefollowing six statements:

F T

Ketkatais in India)Itis not the case that Kolkata is in India

GY Kelkatais notin India

eiN) 4 +4 =9
(v It is not the case that 4 +4 =9

(và 4 t 4 9

Here. (iü)and(i)are each the negation of (i):and (v) and (vi) are each the negation of ((V).

Since (i) is true. (i) and (ii1)are false: and since (iv)is false, (v) and (vi) are true.

EXAMPLE3.5 Find the negation of the followingpropositions:

)Today is Saturday.

(ii) It is a rainy day.

Gü) If it snows,Mona does not drive the car.

Solution

(i) Today is not Saturday.

(ii) Itis not a rainy day.

(iüi) It snows and Mona drivesthe car.

EXAMPLE3.6 Let p: Priya is tall and g:Priya is beautiful. Write the following statements in

symbolic form.)Priya is tall and beautiful.

(ii) Priya is tall but beautiful.

(iiü)It is falsethat Priya
is short or beautiful.

(iv)Priya is tall orPriya is short and beautiful.

Solution

)pA4 (ii) p A ~9 (ii) ~~p V)(iv) p V (pA q)

3.5 PROPOSITIONSAND
TRUTH TABLES

Let P(p, q)denoteanexpression constructed
from logical variables p.q....,which take onthe

value TRUE (T) orFALSE (F),and which operate on the logical connectives
A, V,~ (and

othersdiscussed
subsequently).

Such an expression is called aproposition.
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One of the important characteristics of a proposition
Pp,)Is

that
itstr

upon thetruth value of its variables,i.e., wecan determine
the

truth
value

ola
prOpo

we knowthe truth values of each of its variables.We will

constrct
mis

relationh

tmah table

For example Consider the proposition (p V ). Table
3.4

shows
how

he
truh

g) is constructed. First of all., columns are to be
markedp A g). Then fill up the p and q columns with the

logically
possible

Combinalions

by
P.4

py

and F's and subsequently the (pVq) and ~(p V q) columns
with the

approprVate

values.Hence. the truth table, ~pV q), is shown in Table35
4

TABLE 3.4 Construction of (pVq)
TABLE3.5

~(pVa
pVg p

~(pVq)
T T T F T

F T
T F
F T

F
F T T
F F F T

F

3.5.1 Connectives

Statements can beconnected by words like 'not', and', etc. These words are
known as

log.

cal connectives. The statements which do not contain any of the connectives
are

caled
atomic

statements or sinnple statements (or, primitivestatement).The comnmonconnectives used are negation(),and(),or (V),if... then (� Or

�),if

and only if(>or ),equivalence (=). We willuse these connections along with Sy

to combinevarious simple statements.

ExAMPLE 3.7 Write thefollowing statements in symbolic form:i) If Avinash is not in a goodmood or he is not busy,then he will go to Kharagpur.
1) IfSayantanknows

object-orientedprogramming and oracle, then he will getajob.
Solution

(i) Letp:Avinash is in agoodmood,q: Avinash is busy and r:Avinash will goto Kharagpur,

then (~p V ~)�r.
(ii) Let p:Sayantan know

object-oriented
programming, q: Sayantan know oracle,r: Sayantan

will get a job, then (p A g)�r.

EXAMPLE 3.8 Let p: Babu is rich,g:Babu is happy.Give asimple verbal sentence which describes each of the following statements:
(i)p Vg (ii)p A 9 (ii) g�p (iv) p V~g(v)qP(vi) p�9 (Vii) p

(viii) (~p A q)pSolutionThe meaning of thesymbols A, V,~, �, and are 'and','or', it is false if...
then',and 'if andonly if', respectively. Then the abovestatements are expressed as
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0 Babs is h er Babei happy
)Bae is rh and Babu is happy

() Rauis hapypy then Baba is rich
Rabu is rich or Babuisnot happy(v) Bat ishappy if and only if Babu is not rich(V) Bahu is not rich then Babuishappy(v) t isnot true that Babuis not richo)l Babu is notrich and happy then Babu is rich

3.5.2 Compound Propositions
Many statements (or propositions) are compositethat is composed of subpropositions by meansof logical operators or connections. Such statements are referred to compound (or compostte)statements. The fundamental

property of a compound statement that its truth value is com-
pletely determined by the truth values of its

subpropositions together with the way in whichthey are combined to construct the compound statemnent.
For example

i) 'Sohan is intelligent or studies every night' is a compound proposition with subpropositions 'Sohan is intelligent' and 'Sohan studies every night'.(i) The sun is shining and the sky is blue' is a compound proposition with subpropositions nesun isshining'and "the sky is blue'.

EXAMPLE 3.9 Construct atruth table foreach ofthe following compound propositions:pAg)pAr) (i)pV)vpA)
Solution Tables 3.6 and 3.7)T�rtE 3.6 (p/Ag) V(pAr)

pAq
F

EL

F F
F L T F

T F
T F

T F F
T T

T T

pAr

F
F

T

F

(p^q)V(pAr)

F
F

F

F

T

(ii) TABLE 3.7 ~(pV)V(P^~)
pVq

F F TT F
F T T F
TF F T
T T F

T

F

F

(^pA~q)

T
F

F

F

~pVq)V(~pA~q)

T
F

F
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36ALGEBRA OF PROPOSITIONS

Ppstins that satisfy varioUslaws are listed in Table 3.1)
They

are
similar

and useful to simplify expression. In fact, the connective v
is

offen

ireated

ike

connectve A is often dealt like

of propositionsTARLE 312 Laws of the algebra

ldempotent laws (b)
pAp=pLapvp p

Associative laws (b)(pAq)Ar =

phqhn

2. (a) vg)vr=pVlqVr)
Commutative laws (b)pAg =

qhp
3a)pvqVp
a)pvqAr) =(pvg)A(PVr) Distributive laws (b)

pA(qVr)
Identity laws (b)pAT=p5.(a)pvT=T

(b)pAF =F6 (a)pVF =p
Complement laws (b)pA~p=F7,)pvp=T

(b)~F=T8.(a)-T=F

Involution law

Je. (a) ~(pVg)=pA~9 De Morgan'slaws (b)~pAq)=
pV~q

3.7 PROPOSITIONAL FUNCTIONS
Let A be a givenset. A propositional function (or, an open sentence or

condition)

defined

IS an expression Pa) which hasthe property that P(a)istrue or false for
each a EA.

Then,

becomes a statement (with a truth value) whenever any element a eA is

substitutedf
variablex. The setA iscalledthe domain of P(), and the set Tp of all

elements of A
Pa)is true, is called the truth setofP(r). In other words,

Tþ = (r:xeA, Pr) is true) or Tp =(x:P)}When A is some set of numbers, then P(r) takes the form of an equation
or

inequality

involving the variable x.

EXAMPLE 3.14 Let Px) denote the sentence 'x + 4 >3.
Investigate P()as a

proposition

functionon each ofthe
following sets:

() N,the set of natural numbers(ii) M =(-1, -2,-3,...)
(iii)C= (theset of complexnumbers)
Solution

G) Yes,Pa)isa
propositional function on N.(ii)

Although P)isfalse forevery
element inM,yet P(r)is still a

propositional
function on M.

(iii) No, sincei+4>3 (wherei= V-1 is
an

imaginary
quantity) does not haveany

meaning.Inother words,
inequalities are not

defined for
complex numbers.

EXAMPLE 3.15 Findthetruth set of each ofthe
following

propositional function P(x) defined

on the setN ofpositiveintegers:(i) Pa):x+3<7 (ii)P):x+5>8
(ii)P):x+ 4< 1I
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consisting of integersless than 4

()The uth setof P) iN

PO|eN,t5 8) (4, 5,6,..)
consisting of all integers greater than 3o) The Iruth set of P) is

PO) |:EN,xt 4 < |=d
the nullset. In oher words,P)is not true forany positive integer in N.

TAUTOL0GIES AND
CONTRADICTIONS

In some proposilion Pp,),if the last column of their truth tables contain only T,1.e., hepropositions are rue for any truth values of their variables. then such propositions are calledtautologies. On the other hand, a proposition PD, a. ...)is called a contradiction if itcontainsonly F in the last column of its truth table, ie.. if it is false forany truth values of its variables.Furthernmore, a propositionthat is neither a tautologynor a contradiction is called a contingency. So, the proposition por not p, i.e., p V ~p, is a tautology, and the proposition pandnot p',i.c., p A P ISa contradiction. This can be verified bytheir truth tables, as shown inTables 3.13and 3.14. Here, the truth tables possess only two rowssince each proposition nasonly one variable p.

TABLE 3.13 pVP TABLE 3.14 p^^p
(pV~p) p (pA~p)

T F T T
F

[LF
T F T F

Note The negationofa tautology isa contradiction, since it is always false. Again,the negation of a contradiction is a tautology,sinceit is always true.

EXAMPLE 3.16 Verify that the proposition p V p A q) is a tautology.

Solution

TABLE 3.15 Illustration of a tautology

p^g ~pAq) pV~p^q)
F F T
F T
T F T
T T F
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Since,in Table 3.15.the truth value of p V pA )istrue
(or

all
value,

proposition isa tautology

3.8,1 System Specifications (Consistency)

Translating sentences in natural language (such as English) into

\ogical

expressios:

hal part of specifving both hardware and soltwaresystems,
System

and
consider natural language and produce precise and unambiguous

Specitications

Used as the basisforsystem development. Thefollowing example

illustrates
ho

propositions can be used in this process.

EXAMPLE 3.17 Translatethespecification"Theautomatedreply
cannotbe

sent

system is full' using logicalconnectives.

Solution Let p: The automated reply can be sent and q: Thefile

systemis
full.

Then,V

hot the casethat the automated reply can be sent. Again, ~p: The

automated
reply

sent. Consequently, the specification can be represented bythe conditional

statementq
EXAMPLE 3.18

Investigate the following system specifications as

consistent
one:

"The diagnostic message is stored in the bufferor it is retransmitted'The
diagnostic message is not stored in the buffer'

Ifthe diagnostic message is stored in the buffer, then it is
retransmitted'

Solution Let p: The diagnostic message is stored inthe buffer and q: The
diiagnostic

messa

IS
retransmitted.The

specifications can thenbe written as p V q, ~p, and p
�4. Allthe

specifications will be true if p would have been false, so that ~pis true. To
makep

p must be madefalse and g is true. Finally, because p � qistrue when p isfalse
andq

istru.

we conclude thatthe given
specifications are consistent.

3.8.2
Principleof

Substitution
We have already

discussedthe
construction of

tautology. However, there exists
another

procedur,

of creating
tautology through the

principle of
substitution (or

replacement process),
which

will
describe now.

The
principleof

substitution
illustrates a

substitution (or
replacement) process of a

formul

Fby
another formula G,i.e. if F canbe

obtained fromGby
substituting (or

replacing)form.

lae for some
variablesof G

followingthe
condition that the same

formula is
replaced for the

same
variableseach time, if

needed.From
logical point of view,we

demonstrate the above def

inition as
follows.

Assume a
formula F:P� (q�). lf we now replace (q�r) by an

equivalent
formula

gVrin F, weget another
formulaG:p±(~qV r). Then,wecan verifythat

formulae Fand

Gare
equivalent to each other. This process of

obtaining G from F is known asthe
substitl

tion
principle.

Note
the simple

proposition (without

connectives) and not for the
compound proposition.

Actually, to
construct a

substitution
instance of a

formula,
substitutions are made

For
instance,pqis not a

substitution
instance of p

~r, because must be

replaced by r butnot by~.
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Show thatthe
proposition (PA )V A q)is atautology

olution The given proposition can be expressed in theform pAp. where p pA4Since pA PIsatautology, thenby the principle of substitution, (p A~g) V p Aq)salscOa tautology

3.20 Prove thatp q)p(4 Vr) (p A)r.
Solution It is known that g

9Vr. Now, replacing q�r by ~qVr. we getBqV.which is equivalent to ~pV (~gV n). Then,

PV9V)(~p V~)v r (p A )Vrp A)r
byassociativity of V, De Morgan's law etc.

Note Itis possible to substitute more than one variable by other variables provided al tesubstitutions areassumed tobe occutred
simultaneously.

EKAMPLE 3.21 Show that (p � q) A(r�) (p V r)q.
Solution It is known that (p�) A (r� q) >(~p V a) A (~rVq). Then, replacin8n�q andrq by (~p V ) and(~rV ),respectively, we get

(p�) A (rg) (^pA~n)V q T:(A,V Az) ^(A;V AJ) >A,V A) V Az]
~ (p Vn)Vq

[replacing (~pA~r) by ~(p V r)]

(p V )� [:~pVq(p ))

3.9 LOGICAL EQUIVALENCE

Two propositions P(p, q,...)and (p, q,...)are said to be logically equivalent, or simply
equivalent or equal, denoted by P(p, g,...)=0(p, a....),if they have the identical truth
tables. The notioncan also be defined asthe propositions P(p,q,...)and Q(p, 9, )are log
ically equivalent if Po is a tautology. The equivalence of P and is also denoted byPoQ.

For example

(i)Consider the truth values of ~(p ^ g) and (~p) V (~g) as shown in Tables 3.16 and
3.17. Here, it is seen that both the truth values are the same, i.e., both the propositions are
false in the first row and true in the other three rows. Accordingly, we can write~p A q) =(~p) V (~).Inother words, the propositions are logically equivalent.

(ii)Consider the statementItis not the case that Kolkata is in West Bengal and 4+4 =9.
This statement can be written in the form ~(p A g), where p: Kolkata is in West
Bengal and q: 4 +4=9. However, ~(p ĝ) =(~p) V (~g). Thus, the statement
Kolkata is not in West Bengal, or 4 + 4 is not equalto 9'carries the same meaning as

the given statement, ie.,the propositions are logically equivalent, as shown in
Tables 3.16 and 3.17.
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TARLE 3.l6 ~(PAq)

P PAg

T T T
T F F
F T

T

T

TARLE 3.17
(~P)V(~q)
p

T T F
T F

T
F T T
F T T

(~p)(q

T3.9,1De Morgan's Laws
Negenerally use atruth table toshowthe

equivalency oftwo compound

propositions,

ticular. the
compound

propositions pand q are equivalent if and only if the

columnsin
the

tables agree. Thereare two laws of logical
equivalences, known as De M

Morgan's

laaws.

laws are

I. ~p V)=(~p) A (~)II. ~(p Aq)=(~p)V (~q)Actually, thefirst law
computes the negation of a

disjunction by taking the

Conjunction
ofh

negations of the
compound

propositions. This has been
depicted in Table

3.18.

Similary.

the secondone, the
negation of a

coniunction isformedbytakingthe
disjunction

of

the
nega

ing
example.

tion ofthe
component

propositions. The usage of De
Morgan's lawWsis shown

in
the

follo.

EXAMPLE 3.22 By
using De

Morgan'slaws,express the
negation of

Rina hasa
cellphone and shehasa

laptop
computer

and

'Papuwill goto the
concert orBabu will goto the

concert

Solution Let p:
Rina hasa

cellphone andg:Rinahasa
laptop

computer.Then, Rina hasa

cellphone andshehasa
laptop

computer canbe
represented byp q̂.ByDe

Morgan's laws

~pAg)=(~p) V(~).
Consequently, the

negation of the
original

statement
can he

expressed as
'Rinadoesnothave a

cellphone and shedoesnothave a
laptop

computer'.

Letr:Papu
will gotothe

concertands:Babu
willgotothe

concert. Then, 'Papu
will goto

the
concert orBabu will gotothe

concert' canbe

~rVs)=(~)
(̂~s).

Consequently,
"Papu

represented
byrVs.ByDe

Morgan's
laws.

tothe
concert'.

willnotgotothe
concertorBabuwillnotgo

EXAMPLE
3.23 By

using
truth

table, show that ~(PV 9)1s
equivalent to(~p)A (~).

Solution

TABLE 3.18

Equivalenceof
(pVq) and(~p)

A(~a)
pVg

(~p)A()

T T TT
T

F
F F

F T T

FT
T

T
T
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and

t may e notioed from Tatsle 38hatthe truth tablesinthefwocolunns headedby Vp4are identical

L34 By using Tale 3.19, showthat p A q V Dsequivalentto pAv(pAn
TARE A19 Equivalence ofpAtqVr and(pAgvp

pAlqvr) phq pAr (phq)vpAr)

T
T T

T T F

F F

T F

T
F

F F
F

Since the two columns, headed by pA(a V and (n A a)v (nAr). of the truthTable 3.19agree,the two compound propositions are identical. This shows that p A (q V nSeqeivalent to (p A)V (p A r).

NAMPLE 3.25 Show thatp q and (p >)̂(q p)are equivalent.
Solution Table 3.20

TABLE 3.20 Equivalenceof p qand (p > q) ^(q p)

pq
(p�)(q �p)

T

T
F T

LF
-L

L
T

T
F F

F F T FT T T

ExAMPLE 3.26 Among the two restaurants next to each other, one has a signthat says 'Good
food is not cheap and the otherhas a signthat 'Cheap food is not good'.Investigate the signs
regarding their equivalence.

Solution Let p:Food is good and q:Food is cheap. The first sign says p �~g and the
second one saysq�p.

TABLE 3.21 Equivalenceof p�q and q �p
p p�q qp
L T T T T

LEE

F T T F T
T F F T T
T F F

From the truth table shown in Table 3.21, it is observed that both the signs areequivalent.
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A proposition
Pp.e.)is said to logically imply a proposition

Op.
Ppe)q..)IfQp.

q.)istrue whenever Pp.q.)ist
4Wiltealso he defined as: A proposition

Pis saidto logically imply a
proposition

true.
The

tautology

For example Consider Table 3.22. It is observed that p is true in

TABLE
322

P�rows Iand 2, and consequently. p V q is also true in these cases

Thus. p p Vq. Now, if Qp. q....) is true

Qp. q,... )

whenever

Pp.e.)is true, then the argumentPP. q...) F T

isvalid and converse. Moreover.the argument
PE Q is valid if T

and only ifthe conditional statement P�Q is always true, i.e..
T

a tautology.
F

EXAMPLE 3.27 Show that p>q logically implies p 4.

Solution First all the tables ofp g and p �q are constructed as shown in
Table

323.Fromthe table, it is observed that p +qis true in rows I and 4 and p=qis also true in
these

cases.

TABLE 3.23 (p >q)(p�)

p 9 pg p�q

F T T
EE

L

F T F T

TF F

T T T

EXAMPLE 3.28 Show that p A qlogically implies p g.

Solution Consider the truth tables ofp A q and p q as

TABLE 3.24 (p^q)�po9)
shown in Table 3.24. From the table, it is seen that p A qis pAq
true only in row land simultaneously the proposition p q
is also true in thiscase. Thus,p A qlogically implies p q. T

T

F

T TST
F

F T F
3.11 NORMAL FORMS F F F T

One can examine the equivalency of logical expressions P and using the truth table. However, the process istedious to tackle, when the number of variables increases. Convenientoption liesin the transformation of the expressions P and Qto standard forms of expressionsPand 0,and thena comparison ofP and Q shows whether P = 0.These standardformsareknown as normal formsor canonicalforms.
For simplicity we use the words product in place of conjunction and sum in place of dis

junction.Someofthe basic normal formsare as follows:
I. Disjunctivenormal form (dnf)

II Conjunctive normal form (cnf)
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3.11.1
Disjunctive Normal Form

In a logical expression, a product of the variables and their negation is called an elementary
pvduct

For instance, PAR, QAPAR, etc. are clementary products. Also, the

sum of the variables and their negations is called an clenentary Sum, For instance,
PV Q-PV0v R are elementarysums.

The elementary sums or products satisfythefollowing properties:() An elementary sum isidentically true if and only if it contains at Jeast one pair
of factors

in which one is the negation of the other. (A part of the clementary sum of product wmn
t

is itself an elementarysum of product is called a factorof theoriginal sum or product.)An elementary product Is identically false if and only if it contains at least one pair of factosin which oneis negation of the other.

logical expression iscalled a disjunctive normalform, abbreviated as dnf, if it is a sum O
clementary products.

For examnple The forms p V (q ^ )and p V (~g A r) are in dnf,
TABLE 3.25 ExclusiveeA (a V r)isnot in dnf. For example, consider the 'exclusive OR' OR/POQDA0,as defined in Table 5.25.That is, P O is true iff one of P oris true but not both. Thus, PQ is equivalent to the form
P PQ

(~PA)V (P A ~)which is its dnf L

EL

F
In general, we obtain the dnf foran n-variable propositional form T

F

T(B.P,...,P,) from its truth table as follows. T T
Eor each row in which f(P, P ..., P,)assumes the value T,we T

formthe conjunction P AB^ A~P... A ...~P, where we
take P if there Is a T in the kth position in the row and ~P, if there is an F there. This
coniunction is called a minterm.Then we form the disjunction of the minterms as

(P A~PA P,)V (~PA PpA** ~P)V.V (P A PA: P,)
Thus,the disjunction of the minterms yields the dnf.

EXAMPLE 3.29 Find the dnf forthe propositional form f(P,0.R) defined as(seeTable 3.26).

TABLE 3.26 dnf of f(P,0,R)
P R f(P,0,R)

[L

L
L

L

F
F F T

F T
F T T F

F T
T F F
T F F

T T

SolutionThe dnf is expressed as (~PA Qn~R)V(~ PAQN ~R)V(PA ~QA ~R)
V(P A QAR), which is the required dnf.
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ExSMPLE 3.30 Find the dnf of
(PVO)e

(PA 0).

Solution

PvQ)
PA )= (PVe)A(PA

O)) V ((P V Q)^ (PA
.RS=(RAS) y

|Since

=(-PA
~QAPA

Q) V ((PVO)
A (~PV~O)

=(~PA ~QA
PA O) V(PVQA

~P) V(P
VQA ~0)

=(~PA
~QAPA

O) V(PA ~ P) V(QA~P)
V(PA

EXAMPLE
3.31 Determine

the dnf ofp �((p�)
^~(~gv~p)).

Solution

p�(p�)
^ ~(~gV~p)

=~pV((p>)
A ~(q V ~p)=~p

V ((~p V )A~gV P)

=~p V ((-p V q) A (g A p)) = ~p V((~p A (g A p)) V (g A (q^ p))

=~pV((~p
Aq) A p)V ((g A q) Ap)=~p V (P) V (p A g)

=~p V (p A q)

which is the required
dnf.

3.11.2 Conjunctive
Normal Form

If a form is a product
of elementary

sumsthen that form is called a conjunctive
normal fon

It is abbreviated
as cnf.

Forexample
Theforms

p A rand ~pA (g Vr)arein cnf.

EXAMPLE 3.32 Find the cnfofthe following:

i)p A(p�)
(i) (g V (p A ))A ~pVr) A q)

Solution

()pA p�) =pA (~p Vg)(which is in the cnf)

(ii) (gV (p A r)) A ~pV)A)= (9 V (pA)A(pV r) A ~a)

=q V (p Ar)V (~pA)Vq

(which is the required cnf)

=(g Vp) A (qV)A(^PV ~)A(ryse

3.12 ARGUMENTS
Anargument isapositive declaration(oranassertion) that a givenset of propositions P, B...

called premises, yields another proposition Q. called the conclusion. Such an argument can l

denoted by either of its tautological form,i.e.,P.P,... ,P, FQ(here,
Or,

F means then)



d ehe vadif 0is roe whenever all the premises P P are true. or, in

her
as the propositions .

wd areament
if

PP.together with another proposition
O will be a

PABANP,0
For examnple

tautology An argument which is not valid is called a fallacy

The argument represented asp.ptq is a valid one
Here. the rule is called the law of

detachment. The proof of

TARLE 3.27 The law

this law can be readily available from Table 3.27.In partic-

of detachment

ular, both p and p q are true in row 1,and in this case q is P
also true

()The following argument is a fallacy:pqFq because
TT

pqand q. both are true in row 3 in Table 3.27.
T F

However, inthiscase p is false FT
Thus,the argument,P.P, Qis valid if and only if

F F T

the proposition P APAA P, Qis a tautology.
Afundamentalprinciple of logical reasoning states that 'if pimplies qand q implies r then

pimplies
r;ie..thefollowingargument p 4. q�rFp 3ris valid. This rule is known

aslaw of syllogism. The rule will be verifiedin the next example.

EXAMPLE 3.33 Verify thelaw of syllogismby a truth table, i.e., show that the proposition

(p�)A (q �)�(p�r) is a tautology.

Solution
The truth table of thelaw is given below. It can be seen from Table 3.28 that the

onemisesp qandq are true in rowS numbered 1, 5,7, 8. Also, the conclusion p ris true in the
eaid rows. So,the argumentiS valid. I may be observed from the table that, since there exists three

variables p,4. and r, the truth table requires 2 =8 rows.

TABLE 3.28 Verification of law of syllogism

P [pq)A (g-] (pr)
TT T T T T T T T T T T T T
T T T T T F TF F T T F F
TF T T F F F T T T T T T
TF F T F F F F T F T TF F
F TT F T T T T T T F T T
FT F F T T F TF F T F T F
FF T F T F T T T TF TT
FFF F T F T TF TF TF

Step 12 1 3 1 2 1
4 1 2 1

Now,we use the above theory to arguments involving statements.We make stress on the

validity of an argument which neither depends upon the truth values nor upon the content of

the statements appearingin the argument, but upon the particular form of the argument.
This is illustrated in the following example.
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E\Mr 3.34 Cosider the following argument

IIaperson is illiterate,
he isunhappy

faperson is unhappy, he dies young

F:lliterate persons die young

Investigate
the validityof the argument.

Soution Here, the statements
p and g denote the premises and

the

statementr

reqreseconclusion of the argument. The
givenargument

is of,the form

p9. q�rtpr
Hence, by Example 3.33the argument

(law of syllogism)
is valid.

EXAMPLE 3.35 Show that the following
argument

isvalid:

p�g. r�g.rF~p

Solution First of all., thetruth tables
of the premises and the conclusion are

constructed

IS shown in Table 3.29, It is observed from thetable
that p �

~9,r-�4, and

simultaneously in the fifth row, in which ~pisalso true. Thus,the argumentis
valid

TABLE 3.29 Validation of the argument

P�q, r�q, rF ~p

p�g r�g

T T T F TF
F T F

T T F
F

T F T
F

T T T
F T

T
F T F T

F F T T T

F F F T T

EXAMPLE 3.36 Show that the following argument is a fallacy:

3.13

Solution The truth table of I(p>) A ~p]�~qis first constructed (Table3.30). Sincethe

proposition [(p�q) ^ ~p]� ~gis not a tautology, the argument is a fallacy. In the same

fashion. the argument is a fallacy since in the third line of the truth table p �q and ~pare

true, but ~q is false.

TABLE 3.30 Illustration ofthe fallacy of an argument p �4. ~p ~g

T
T
F
F

F

T
F

F

T
T

T
T

F

T

T

F

F

T

T
T

T
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3.13 RULES OF INFERENCE

Itis observed in logical reasoning that a certain number of propositions are assurmed to be rue,andbased on thatassumptionsome other propositions arederived or inferred.The propositionsthat are assumed obe true are called premises or hypothesis and the proposition derIVed byusing the rules of inference is called a valid argument:in other words.an argument is Valldand only if it is impossiblefor allthe premises to be true and the conclusion tobe false. Kulesof inference can be used to derive new statements from theexisting statements. These are iebasic tools for constructing valid argumentsand establishing the truth of sentences.We will present here some of the important rules of inference, asshown in Table 3.31.

TABLE 3.31 Several rules of inference

Rules of inference
Tautological form Name

.pV q

PAq

P

..pA q

pp V)

((p) A (q)�p Aq)

Addition

Simplification

Conjunction

[(p>)^p]�q Modus Ponens

Modus Tollens

q�r
pr

pVq

[(p V )A ~p]�q

Hypothetical Syllogism

Disjunction Syllogism

Now,we will discuss some of the important rules of inference in propositional logic, consid

ering those statements, which are logically correct arguments.

t3.13.1Law of Detachment (orModus Pones)

Here,the tautology is (p A (p�q)) �4, which is the basis of therule of inference called the

law of detachment,or modus pones (moduspones is a Latin word formode that afirms). This

tautology is presented in the following valid argument form
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The assertions above the horizontal line are called premises
(or

hypothesisy.
denotes

therefore'

\n
par

modus pones expresses that if a conditional statement and the
hypothesis of

his

cond

belowthe line is called the conclusion (the symbol

statement are both.true, then the conclusion must also be true.

For example Assume that the conditionalstatement, If Tanu gets a

first

class,
then

lows that the conclusion of the conditional statement, "Tanu will
get a job,is

true.

get a job' and its hypothesis, Tanu gets a first class", are true. Then
from

modus

pones,Let p: Tanugets a first class and q: Tanu will geta job. Thenthe
premises

arep
andp

theconclusion is a. The inferential form is thus

P�9

It may also be noted that if one or more of the valid argument's premises is
false,

then

the
vali

argumentcan lead to an incorrect solution.

ExAMPLE 3.37 Determine whether the argument given here is valid and
also

determine.

Whether its conclusion mustbe true because of the validity of the argument,

'If V3>
7

then (V3f >().Conseqúently, 3> 49,
4

16
Solution Let

D:V3>?4
and

q:3>()
The premises of the argumentare p and p�q, and q is its conclusion. This argumentis validbecause it is constructed by using modes pones, a valid argument form. However, one ofpremises V3> 7/4 is false. Consequently, we cannot conclude that the conclusion is trueFurthermore,the conclusion ofthe argument is false, because 3 < 49/16.

3.13.2 Law of Contraposition (Modus Tollens)

Here, the tautology is (p�) A ~g�p, which is based on the law contraposition ormodustollens (modus tollens is a Latin word meaning mode that denies). The tautology isexpressed in the following form:

p�4

The validity of modus tollens can be shown to follow from the moduspones together with thefact that aconditional statement is logically equivalent to its contrapositive.



)
Here,P)isfalsefor every elemetin P), still P)is a propositional

function
on M.

()P)isthe
propositional

function.(iD Let 3 + 2i, i
Iis an imaginary number, be a complex

number It may be noted

that32i 7 does not have any meaning. In other words, incqualities

are not defined

forcomnplex numbers.

3.16 QUANTIFIER
If in a propositional function the variables are prescribed,

the resulting
statement

yields

proposition with a certain truth table. However, there is another
way,called

quantification by

which we can create a
proposition from a propositional

function.
Quantification

expresses a

measure with which a predicate is true over a rangeof
elements.

In English literature, the

words some,few, many, all and none are used in quantification.
Here, we will discusstwo

types of quantification: universal which saysthat a predicate
is true forevery element under

consideration, and existential quantification,
which informs that there is one or more

elemen

under consideration for which the predicate IS true.
The area of logic that

deals with predicates

and quantifiers is called the predicate calculus.

3.16.1 Universal Quantifier

It has been observed that several mathemnatical
statements

affirm that a property is true forall

values of a variable in a particular domain, called the domain of discourse (orthe
universe

discourse), and often just referred to asthe domain. The universal quantification of P(x) for

particular domain is the proposition
that asserts Px) is true for all values of x inthis domain

Ine meaning of the universal guantification of P)varies when we Vary the �omain. Witho.

domain, the universal quantifications are undefined.

Consider the expression

(reA)P(x) or VrP() (3.)

which reads 'foreveryxin A.P)is a true statement', or simply, for all x,P()'. The symhol

which reads 'forall' or for every'is called the universalquantifier. The statement (3.1)k

equivalent to the statement

Tp = (r:xEA,P(r)} =A (32

i.e., the truth setofPr) is the entire setA.

The expression Pa) by itself is an open sentence or condition and therefore has no tut

value. However, it is preceded by the quantifier, does have a truth value which follows fr

the equivalence of Eqs(3.1)and (3.2). Specifically,

O1: If(x:xEA,P)} =A

then Px)is true; otherwise trP)is false.

Note Anelement for which Pr) is false is called a counter example of xP.
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For exanple)The
proposition (VeN)(+43)istrue since

|x 4 310,2,3,NO) The proposition POx5<9,thenfor all x 0, is afalse statement, sincePS)s
not rue.

EXAMPLE 3.48 Let PO) be the
statement 2x + 1 2x'. What is the truth value of theauanification V PO,where thedomain consists of all realnumbers?Solution The

quantilication VxP) is true becauseP0) is true for all real numbersEXAMPLE 3.49 TLet Q)bethe statement'x <3'. Whatis the truth value of the
quantification

VyO). where the domain consists of all real numbers?
Soltion The statement Q0) is nottrue foreveryreal number x because,for instance, 2*)
is fatse, i.e., X 4 is a counterexample forthe statement x00). Thus, xQ0) 1s 1alse.
Example 3.50Consider the statement Vx Nx), where No) is 'Computer is connected to the
network'.What is the implication of the statement?
Solution The statement Vx N(X) means that for every computer x on campus, that computer
is connected to the network (seeTable 3.32). This statement can be expressed in English as'every computer on campus is connectedto the network'.

3.16.2 Existential Quantifier
IL is observed from themathematicalstatement that there is an elementwith a certain property.Such statement can be expressed by prefixing Pr) with the proposition 'there exists anelement x.The proposition there exists anx is called an existential quantifier. The existential quantification ofP) is the proposition "there exists a value of x' for which P(x) is valid.Consider the expression

(Bx e A)P) Or x,PX)
(3.3)

which reads there exists an x in A such that Px) is a true statement' or, simply, for Some x,P)'.The symbol which reads 'there exists' or forsome' or 'for at least one' is called theexistential quantifier. The statement(3.3) is equivalent to the statement

Tp = {x:xe A, P(*)} #
(3.4)

i.e., the truth set of P(x) is notempty. Accordingly, Hx P*), i.e.,P(X) is precededby the quantifier,does have a truth value. Specifically,

Q:If{x: P))# d

then Bx Pr)is true; otherwiseBxP)is false.

Forexample

i)The proposition (BxeN)x+4 < 7)is true, since (x:xt4 <7}= (1,2) =.
(ii) The proposition (BxeZ)(-1<x<l)is true, since {x:-1<x<1)=(-1,0,1}=.



EaMPE5|
LeP)

deote
the

statemet
'r>3 Findthe truth value of

the
qan

150
Diorete

46athemates

tPowhere
the

domain
Consists

of allreal
numbers

Because
T>3is

sometimes

true:
for instance,

whenyA,the
exi

quantitication

ofPa).
which

is

Soli

rPx)is
also

true.

whereP)isthe statement r2

niverse
of discourse

consists

ofthe
positive

integers
not exceeding 3.

EutirE
3.52Find

the truth
value

ofrPa),

Solution
Because

of the
given

domain
(1, 2, 3/,the

proposition
BxP)isthe

sarneaS

disjunction

P) VP(2)
VP3)

Thus.
P3). which

is the
statement

3- > 8,istrue;
it follows

that Bx P)is also
true,

TABLE332
Quantifier

Statement
True whenever

Pa)is true
forevery

r

Thereis
an xfor which

P)is true

BrP)

False whenever

There is an r for which Px) is
false

Pa) isfalse foreveryr

3.16.3 Bound Variables

Ifaquantifier
is applied onthe variablex,

thenthis occurrence
of the variable is called bound

Also, an occurrence of a variable that is not bound by a quantifier
orsetissaidto be free. The

variables occurringin apropositional
function mustbebound

or setequalto aparticular
val

to convert itintoa proposition.
Itcan bemadepossible by the combinationofuniversal quan

tifiers, existential quantifiers,
and value assignments.

Forexample Let r and ybe the variable in the statement Hx(ty=1). Actually,the vari.

able x is bound by the existential quantification Bx. However, the variabley is free, sinceit is

not bound by a quantifierand no value is assigned to this variable. This shows that, in the state

ment Sr rty=),ris bound, but y is free.

7 INTRODUCTION TO PROOFS

In this section, we discuss the notion ofa proofand describe methods forconstructing proofs.

Aproof is a valid argumentthat establishes the truth of a mathematicalstatement.

The techniques of proof,we will discuss in this chapter, are importantnot only because they
ere used toprovemathematical theorems, but also fortheirmany applications tocomputer sci
ace. Theseapplications are used in verifying that computerprograms are correct, establishing
etoperating systemsaresecure, making inferences in artificial intelligence, showing that sys
specifications areconsistent, and so on. Tounderstand the techniqueand its use in proofscations areessential both in mathematicsand in computer science.
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H,M,.M,
is inconsistent

il ther
conjunction

SA S(a contradiction), where Sis
any

\ormula

We usethe
conception

of inconsistency
in methods

of
proof,

namely
proof

by

comtraty

tion,
ie, H, A H, A A H,

and indirect
proof withew examiples.

3.17.5 Contraposition

Proofs
statement/theorens

that are not direct,
i.e.,

that do not start with

the

hypothiesi,

end with theconclusion,
are called

indirect
proofs.

A versatile
and a powerful

type ofindirect
proof is known as proof by

contraposition,

proof is based onthe
fact that the conditional

statementp �q is equivalent 1o
itS

COntrap

pis true. To proveby contrapoSition
of p�9, we first

consider
~q2sahy

esis, and using axioms, definitions,
and previously

proven theorems,
together

he
nules

tive ~g�

inference, we show that ~pmust follow.

EXAMPLE 3.55 If k is an even integer, then k is an even integer.

Solution Let p:kis aneven integer and q: k is an even integer. Assume first
that ~qIS

true

then k is not an even integer. So,k must be odd, i.e.,k=2m + 1,for Some
integerm.

Then

k=(2m+ 1)=4m +4mn +1= 2(2m +2m) + 1

i.e., k = 2n + 1, where n = 2m + 2m. So, k is odd and ~g�p. Hence, by
contrapo

sition, k is an even integer.

3.17.6 Contradiction (reductioad absurdum)

Inthis method of proof, we assume the negation of what we are trying to prove and get a los

ical contradiction. So, our assumption must have been false and what we were
originaly

required to prove must be true. To provep�qis true, we construct the procedureas followe:

()Assume p A (^g)is true.

(i) Using the assumption,search some conclusion that is false.
(iii) The contradiction obtained in step (ii) leads us to the conclusion that p A (~)isfalsewhich powers thatp �qis true.

EXAMPLE3.56Show that ifx- 4=0, thenx # 0.

Solution Assume that x=0, then 0 -4=-4 #0,which contradicts x -4the assumption that x = 0is false and wehave proved that x # 0.
=0.Hence,

EXAMPLE 3.57 Prove that V2 is not a
rational number.

Solution Suppose thatV2 is a
rational number. Then, we can find integers aandb such thatV2=

and wecan assumethat any common factors in a and b havebeen
cancelled, Wenow square

both sides ofthe
equation to get

2-(
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Thus, 282 a'. Hence, a is a multiple of 2,and istherefore even. So, a must be even, sincehe sguare ofanyodd nunmber is also odd.Thus.2divides a and we can write a2m for someinteger m.Hence.

26 -(2m)' or, 2b = 4m or, b2= 2m?
Thus,

is even. Hence, b is even. But now a and b have a common factor of 2, which is a

contradiction to the statementthat a and b have no common factors.Hence. our initial assumption that V2 is a rational number is false. Thus,V2 is an irrdtional number.

3.17.7 Mathematical Induction

Statement: A sentence which can bejudged to be true or false jis called a statement. Wegeneraiiydenote a statement holding for ne N by p(n)

Forexample

)pn) :2"isdivisible by 2 for all ne N.

It is clearly a true statement.

(i) pn): (10n + 3)is prime.

Clearly, p3) =(10.3+3)=33, which is not prime.So, the given statementdoes nothold for all natural numbers.

In general, mathematical induction can be used to prove statements that assert that p(n) 1strue for all positive integerS n, where p(n) is a propositional function.Toproofa mathematical statement(in the form ofa formula)by mathematicalinduction, it
requires two steps, a basis step, where we show that p(1) is true, and an inductive step, wherewe show that for allpositive integers k, ifpk) is true, thenp(k+ 1)is true.

Note In aproof by mathematical induction, it is onlyto be shown, ifit is assumed that p(k)
is true, then p(k+ 1) is also true.

The principle of mathematicalinduction can be expressed asfollows. Letp(n)be a statement
which is defined forthepositive integers n =1,2,3,... .Then p(n) is true for all positive integers
nprovided that

I. p(1) is true.

II pk + )is true whenever p(k) is true.

Therefore, three stepsare required to prove mathematical statement, using the principle of
mathematicalinduction:

Step 1 (inductive basis step): Verify that p(l) is true.

Step 2 (inductive hypothesis step): Assume that p(k + 1) is true for an arbitrary value of k.

Step 3 (inductivestep): Verify that p(k + 1) is true on the basis of inductive hypothesis.

Note (replacement of basis step) The principle of mathematical induction chooses first

n =land then proves that p(n)is true forn> 1. On the other hand, we can choose

an integer different from 1, say,n = p and provethat forn=k+ Iassuming that

the statement is true for n =k (k > p).



Thesmmation fomula by mathematical inductioncanbe
roved as

follows
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induction is well sutedfor proving the valhdity of

summation
formulae

\owevex,
heThat means, you must have the formula with you hefore

attemptingto provei
by

matte

vantage of this method lies inthe fact that we cannot useitto
derive

cal induction

EANfE3.58 Show that if n is a positive integer, then

n(n + 1)

1+2+3+ n=

Solution Letpn) bethe proposition orthe statementthat the sum of the
first n

positive

\ntegr

n(n + 1)

We will then opt fortwo steps toprove that pon) is true for n = 1.2
3.....First

of

all,ywill show that pl) is true and, secondly, that the conditional
staatement p(k)

impliesthypk + 1) is true for k = 1,2. 3....

Inductive basis step p)is true because

1(1 + 1)

2

Inductivehypothesis step Assume that p(k)holds for an arbitrary positive integer k, i.e

|+2+ + k =
k(k + 1)

2

Inductive step Under the assumption of inductive hypothesis step, it will be shown that

pk+) istrue, namely, that

1+2 + + k +(k + 1) = (k + 1)[(k + 1)+ 1] (k + 1)(k +2)

2 2

is also true.

Adding (k + 1) to both sides of the equation in p(k), we obtain

I+2 t + k + (k + 1) = k(k + 1) + (k + 1)2

k(k + 1) +2(k + 1) (k + 1)(k+2)
2 2

whichshows that p(k + l) is true under the assumption thatp(k) is true. Thus, by the use of
mathematicalinduction, it is shown that p(k) is true for allpositive integern.

ExAMPLE 3.59 Show bymathematical induction

L2

+
2.3

+ +
nn + 1) n +1



Solution Let pon) be thegivenstatement.

Inductive basis step For
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n1,
1.2

i.e.. pl)is true.

Inductive hypothesis STepAssume thatp(k) is true, i.e.,

is true.

Adding

1.2 1.3
k(k + l) k + 1

(k + 1)(k + 2)

on both sides of p(k), we obtain

1

1.2 2.3 k(k + 1) (k + l)(k + 2)

k(k + 2) + 1

k + 1 (k + 1)(k + 2) (k + 1)k+2)
k +2k+ 1 (k + l)(k + 1)

(k + 1)(k +2) (k t 1)(k +2)
k + 1=
k + 2

Thus, p(k + 1) is true whenever p(k) is true. Hence, by the principle of mathematical induc
tion p) is true for all positive integers n.

EXAMPLE 3.60 Prove by induction that the expression for the number of diagonals in a
polygon of n sides is

n(n -3)

2

Solution Given that there are n sides in a polygon.Among them consider two sides for the
diagonals, possibly by "C,ways.

Thus, the total number of diagonals is "Ch- n, i.e.,

n(n - 1) n(n -3)

2

ExAMPLE 3.61 (extension of one of DeMorgan's laws)LetA,Á,...,A,be any n sets. Show
by mathematicalinduction that

(Üa)
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Solution
Ltpin)

bethegiven
statement.

Ihdutie
basssep

Forn=L,pl)is
thestatement A

Indctive
hypothesis

step Assume
thatpk)istrue, ie..

A

which
is

true.

Inductive
step Here,we will show that the statermentjs true pln) 1s true forn

(Ü
- A, UA, U UA) UA1 (associative property of

= 4, UA,UUA)Aj-| (by De Morgans's law for
two

sets)

[usingp(k))

-(0)
1

Thus,by the principle of mathematical induction pn) is true for alln

EXAMPLE 3.62 Show that thestatement 2 +4 + .. + 2n = (n + 2)(n -
1),foral n

satisfies the inductive step but has no basis.

Solution Let pln) be the proposition that 2+4 + +2n = (n +2)(n - l)
()) pl)implies that 2=(1 +2)(1 -1), which is not true.(i)If p(n) were true, then 2 + 4 + + 2n =(n + 2)(n - 1) would be

true,and

adding 2(n +1)to both sides we would get
2+ 4+ +2n =(n + 2)(n- 1)+ 2(n +1)=(n+3)n =[(n + 1) +2][(n + 1) – 1]Hence,p(n + 1)would also be true.

Thus, the
inductive step is

satisfied, but the basis for the
induction fails and the resultis false.

EXAMPLE3.63 LetN= n +n t41.Show that there aresome
values of n forwhichN isa

prime
number, and

others for which it is not. It followsthat there is no
inductive step which

would show
thatn' +nt 41is a prime

number for all
possible n.

Solution Let p(n)imply that n'+nt 41 is aprime
number.

(i)p)impliesthat 1 +1 +41=43is a
prime.This is true.

(ii) Now,wehave to
finda value of nfor which n +n t 41 is not aprime

number!

InTact,P), p(2), ..*,p(39)are all
true, but p(40) and p(41)are

false. For
instance, if

n=39then N= +39+41=1601,
which is prime.

However. if n=40, then


