
Counting Techniques

FIRST COUNTING PRINCIPLE

If anevent can occur inr different steps,and

Step 1 can occur in n, ways.

Step2can occur in n, Ways.

Stepr can occur in n,ways.

Then the number of possibleevents that can occur is =n1ng ng.. n,.

This is the fundamental principleofcounting.

Example 1. A child has fourhats, threepair of glovesand fvepair ofsochsn
differentpossible triplets he can wear ?

Sol.A hat can be selected in four ways.

A pair ofgloves can be selected in three ways.

A pair of sockscan be selected in fiveways.

Byprinciple of counting.

Total number of pOssibletriplets the child can wear are=4 x 3 x 5=60wavs

Example 2.Aperson has to arrange five books on a shelf.In how many wayse

so

Sol. Thefirst book can be arranged in 5ways.

The second book can be arranged in 4 ways.

The third book can be arranged in 3ways.

The fourth book can be arranged in 2ways.

The fifth book can be arranged in 1 way.

Thus, by principle of counting,

Total number of ways five books can be arranged is=5x 4 x 3 x 2 x l = 120 w

Theorem I.Prove th�t aset containing n elements has 2n subsets. Use the first p

ofcounting.

Proof.Aswehaven elements in the set,asubset can beconstructed in n differe

ie.,
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OMONES
Take

or do
nottakefirst

element.

Take
or donot

takeseecond element.
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Take
or do not take nth element.

Sa
each

step
can

be done in two different ways.

Hence

the
possible

number
of subsets is = 2.2.2.2.. n times =2r.

Aample.

3. How many different
8-bit strings are there that begin and end with one.

stringthat
begins and end with lcan be constructed in 6 steps i.e.,

Sol.
A8-bit IInd bit, IIIrd

bit, IVth bit, Vth bit, VIth bit and VIIth bit and each bit can

Byselecting

i

Hence,

the
total

number
of 8-bit stringsthat beginsand end with1 is

Aadted

in2ways,
=2.2.2.2.2.2= 26.

Example

4. How many different.t 2-digit numbers can be made fromthedigits 1, 2,3,4,

When repetition
is allowed ? When repetition is not allowed ?

Sol.
When

repetition
is allowed

The
tens

place can be flled by 10 ways and the units place can be filled by 10 ways.

The total
number of 2 digit numbers = 10 x 10 = 100.

When repetition
isnotallowed

The tens
place

can be flled by 10 ways andthe units place can be filled by 9 ways.

# Thetotal
number of 2-digit numbers = 10 x 9 =90.

Example
5.

A five person committee having members Ankit, Arjit, Sonu, Monu and

sto select a president,
vice-presidentand secretary.

la) How many selections exclude Nonu ?

6) How many selectionsinclude Sonu andMonu 2

e How many selections exclude Sonu and Monu ?

(d) How manyselections are there is which Ankit is president ?

Sol. (a) After excludingNonu,we have to selectthree persons from theremaining four.

fore, president can beselected in 4 ways,vice-presidentcan be selected in 3ways, and

Fdary canbe selected in 2ways.
Hence, the total number of selectionsthatexclude Nonu is =4 x 3 x 2=24.
6) We have 3 ways toassign anypost to Sonu. After selecting Sonu,there are2ways to

aany post to Monu. After selectingSonu and Monu, we can assign theremaining post to

dthe three persons.

Hence, the total number of selectionsthat include Sonu and Monu is =3 x 2x3= 18.

l)Ater excludingSonuandMonu,wehave to select three persons from theremaining
Therefore, president can be selected in 3 ways, vice-president can be selected in 2 ways,

ecretarycan be selectedin 1way.
Hence, thetotal number of selectionsthat exclude Sonu and Monu is = 3 x 2 x 1l = 6.
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When Ankitisselected aspreaident,then we
haveto

select

viee-prealde

Vice-president ean be selectedin 4 ways and
secretary can be

elected
ina

irytomtheremaining four.Therefore,

Hence,thetotal number of selection in which
Ankit is

president
Example 6. Ram has five different 'Data.

Structure
Books',

four

different

Der

ture Books'andfioe different 'Programming
Language

Books'.

(b)In how many ways can these books be
arranged ona

shelfif
all
fue

prog

fa) In how many ways Ram can arrange these
books on a

shelf?

(e)In how many uays can these books be
arranged on a

shelfif
all

fue
datn

language books are on the right ?54
books are ontheleft and all fiveprogramming

language
books are on

the
right?

Sol. We have total 5+4+5= 14 books.
(a) Thefirstbook can be arranged in 14 wavsThe second book can be

arranged in 13
ways.Thethirdbook can be arranged in 12 wavs

5%
The fourteenthb0ok can be arranged in 1wayHence, thetotal number of ways the book can be placed on a

shelf41
- 14 x 13 x 12 x 11 x 10:x9x 8×7

x6x5x
4x3x2

D =8.717 x 1019.

(6) Wehave to place all the five
programaing language booksonthe

right.T

remaining books to bearranged are =14–5 =9.
Thefirstbook can be arranged in 9ways.Thesecond book can be arranged in8ways.

Theninth book can be arranged in 1way.Hence,the total number of ways arranging remaining books is = 9x8x7xkt
3x2x1=362880.

The five programming languagebooks can be arranged in following waysThe first one can be arranged in 5 ways.Thesecond one can be arranged in 4 ways.

Thefifth onecan be arranged in l way.
Thetotal number of waysarranged programming language books is5x 4 x3x2x1= 120.
The total number ofways toarrange the books on ashelf when all five pruglanguagebooks areon rightis

362880 x 120=43545600.
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plaineg

earlier,
we have 120 ways toplacefiveprogramming language books on

wehave
120 ways to arrange five datastructurebooks on theshelf. Similarly,

toarrange
four discrete structure books on theshelf

Fonce,

the
total

number
of ways the book can be arranged onashelf if all five data

rbooks
are on the

left and allfive programminglanguage books are on the right is

120 x 120 x 24 =345600.

NDCOUNTING

PRINCIPLE

Cansider

that(D,, D,
Dg,D) is a pairwise disjoint family of setsand someset D,has

gNnts.

Then
thenumber

of possible selection ofelementsfrom the setsD, or D,or D, or

Dis n, + ng + ng+n t..+n,.

Wecan
also

define this principle in another way, consider an event A, can occur in n

sand
another

eventA,can occur in n, ways and A,and A, are mutuallyexclusive, then A,

can
occuIr

in(n, + ny)
ways. Itis applicableforany number of events.

sto select
tapresident,

vice-presidentand secretary.Example

7. A five person committee having members Ankit, Arjit, Sonu, Monu and

la)
Inhow

many ways canthis occur if either Sonu or Monu must be president?

b)How many selections are therein which either Nonu is a secretaryorheisexcluded ?

c)How
many

selections exclude Ankit or Arjit ?

Sol. (a) If
Sonu is president,then vice-president can be selected in 4 waysand secretary

selected in3ways.
Hence,

the total number of waystoselectthe remaining is = 4 x3 = 12.

Smilarly, if Monuispresident,then the remaining persons can be selected in 12 ways
OWn above.

these are mutuallyexclusiveevents,hence thetotal number ofways if either Sonu or
Lmust be president is

= 12+12=24.
6) If Nonu is a secretary,then the remaining two posts can be filled in 12 ways as

sed earlier. Thenumber ofselectionsin which Nonu is excluded is 24.
As these are mutually exclusiveevents, hence the total number of selections in which
Nonu is a secretary or he is excluded at all is

=12 +24=36.

e The number ofselectionsin which Ankit is excluded :
Since president can beselected in from the remaining 4persons.
Vice-president can be selected from remaining 3 persons after setting first.

Secretarycan be selected from remaining 2 persons after setting second.
Hence,

total number of selections=4x3x 2 =24.
Similarly,the number of selections in whichThesetwo sets of

selections are disjoint, hence thetotal number of selections in whichArjitare
excluded is

Arjit is excluded is 24.

24+24=48,
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Theproduct
of first A natural

number is
called

factorialn.Itis

denoted
byn

HETNEPACTORLALN

Thefacterial
Csn also be written

as

n-1Xn-2Xn3) 1.

Webeve,
1land 0f1.

Bxample
&Findthe

ealueof51.

Sol
51-6x(6-

E-2X5
-3X5-)=5x4 x3x2,,

Example
9. Findthe

valueof
101

81

10! 10x9x8! -10 x9=90.

Sol.
8! 8!

Example 10.Determine
thevalueof

nl

(n-1)!

n nín-D!
Sol. (n-D! n-1)1

n!

Example 11.Findthe
valueof rln-r)!'

when n = 6, r =4.

Sol.
nl Substitutethe

valueofn andr.

rn-r)!
61 6! 6x5x4!=15.

We have 41(6-4)412!
4!x2

at

AP

Example 12. Find thevalue
ofz,if

Sol.Wehave

5+1 Z

5! 6!

6x61

5! i2
6x6x5!

5!
;2=36.

Example 13.Show that3!+4l#(3+4)!.
Sol. 31+41=(3 x2x 1) +(4x3x 2x 1)

=6+24=30

(3+4)1=7=7x6x5x4x3x 2x 1 =5040

Hence 31+414(3+4)!
Ezample 14. Showthat 10!-81#(10-8)!.

101-81 8628800-40320 =3588480

(10-8) (2)1=2
Hencs 101-814(10-8)1.
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ai
ame

The
otalnumber

of permutatione.
ofn distinct objecta takenrat a timei denoted

Aprmutation

is an arrangement
tof a no,ofojeetein some definite order taken some e

NTATION

where
1Srsn.

fheorem

L Proethat
thenumber of different permutations ofn distinet ohjeete taken

psSnis
given

by
nl

n (n-1Xn-2).1n -r+.
"P,(n-r)!

Proof.

The,
number of permutations of n distinct objects taken r at a timeislike Sling

aiens

ith nobjects.

The
first

place
can be filledinbyany one of the n objects. So,thiscan be done innways

The
esecond

place
can be filled in by any one ofthen-1objects because after fillingfirst

Weare
left

with (n-1) objects. Thus, the first two places can befilledinnn-1) ways

"P,n(n-1)

Similarly,
the third place can be filled in by any one ofthe remaining (n - 2)objects.

Therefore,

the firstthree placescan be filled in nín - 1)(n -2) ways.

Proceeding
inthis way, we have thenumber of permutations of n different objects taken

ahme = nn-lXn –2) ...r

= n(n-1lXn – 2)...n-r-1)

"P, =nn-1\n -2) ... (n -r+ 1).

Theorem III. Provethat the number of permutations of n things taken all at a time

Proof. We know that

n! n! n!
(n -n)! 0! 1

=n!
Hence proved.

Example15.Determine the value of the following

(ii) PP, (üü)20P, (iv) P

4! 4x3x2!
Sol. ()*P,

(4-2)! 2!
=12

9! 9x8x7x6!
(9-3)! 6!

=504

ia)

P,(20-2)

20! 20 x19x 18!

18!
=380

521 52x51x 50x49x48|
(52-4)1 48!

6497400.
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Example 16.Determine thevalue ofn if

DISCRETE

MATHEMATICS A
AND

STR

)6xP,-3x n*'P,.
(iü)3x P,

=7xySol.)4x nl (n+DI

(n-3)! (n+1-3)!

4xn! (n+1)xn!

(n-3)! (n-2)\n-)1
4(n-2)=(n +1)

4n - 8=n+1
3n =9
n=3.

(ü) 6x"P, =3xn*'P,

6 x
n! =3x (n+1)!

(n-3)1 (n+1-3)!
6xn! 3(n+1\n )
(n-3)! (n-2)(n -3)!

6(n-2)=3x (n+1)

6n-12=3n + 3

6n - 3n=12+ 3
3n=15
n=5.

(iiü) 3x "P,=7xn-iP,

3x
n! =77x (n-1)!

(n-4)! (n-1-4)1
3xnx(n-1)! 7x(n-1)!
(n-4\%n-5)! (n-5)!

3n =7(n –4)

3n =7n-28
3rn-7n=-28

-4n=-28
n=7.

Example17.How many variable namesof8letters can be formed from the letter

c,d, e,f.g,h, iifno letter is repeated.

Sol.There are9 letters and8are to be selected..Total number of variablenames of8lettersis=P,=
9! 9!

(9-8)! 1=9!.

Example 18. There are 10persons called on an interview. Each one is capable

selectedfor thejob.How many permutation are there to select4from the 10.
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Sol.
There

are 10
persons

and 4 areto be selected.

fotal

number
of permutations

to select 4 persons is l0P,

10! 10 x 9x 8x7x61
=5040.

(10-4)! 6!

Example

19,
How many 6-digit numbers can beformedfromthedigits 0, 1, 2, 3, 4, 5, 6,

Sol
There

are
8numbers are 6 areto be selected.

isrepeated.
8!

Total
number

of 6-digit numbers = P =(8-6)!

8!

2!

8x7x6x5x4x3x2!
2! =22560.

Permutation

with Restrictions.*The number of permutations of n different objectspparticnlarabjectsdo not oceuris

timein
which

n-PP.

sken

rata

The
number

of permutattonsSufrdifferent objectstaken r at a time in which p particu-

robjects
arepresent

is

n-PP,-p xPp'

Example
20. How many 6-digit numbers can beformed by usingthe digits 0, 1, 2, 3, 4,

k678ifevery

number isto startwith 30'with no digitrepeated.

Sol.
Allthe numbers

begin with 30. So, we have to choose 4-digits from theremaining

.Total
number of numbers that begins with '30'is

digits.

7! 7x6x5x4x3!
P,=(7-4)! 3!

=840.

Peample 21.In how manyways 5different microprocessorbooks and 4 different digital

actronics
sbooks be arranged in ashelfsothat allthefour digital electron ics books aretogether ?

Sol. Consider thefour digital electronics books asone unit. Thus,we have6units that

an be arranged in 6 !ways.
For each of these arrangements, 4 digital electronics books can be arranged among them

lves in4!ways..Total number of arrangements in which all the four digital electronics books are

ugether is

=6!x4!=720 >x 24 = 17280.

Example 22. How many permutations can be made out ofthe letter of word "COMPU
ZR"?How many of these

)begin with C? (iü)end with R ?
n)begin withC and end with R? (iv)C and R occupy the end places?

Sol. There are 8 letters in the word COMPUTER' and all are distinct.

he total number of permutations ofthese letters is 8!= 40320.
0) Permutationswhich begin with C.

The
first position can be filled in onlyoneway i.e., Candtheremaining 7letters can beranged in7I

ways.
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Tetal mumber of pernutations startingR with CareIx75040.

helast position enn be illedin only one way Le., Rand
the

remnaining7Y

NPermstations which end with R.

aranged in7ways
The total number of permutations ending with R

The first position can befilled in onlyone way i.e., C and the
last

place
can

al

bet

()Permetations begin withC and end with R
are 7

lxl=
5040

in only one way .e, R and the remaining 6 letters can be
arranged in

6lways.
Thetotal number of permutations begin with C and end

with Ris-lx6lxl= 720.

Cand R oceupy end positions in 2! ways i.e., C, R and R, C andthe
remaining 6

leh)

o) Permutations is which C and R occupy end places.

ean be arranged in 6 ways,

Thetotal number of permutations in which C and R
occupy end

placesis
-2!x6!= 1440.

Theorem IV. The number of permutations of n objects, of
which n,

objects
areof

pERMUTATIONSWHEN ALLOF THE OBJECTSARE NOT DIST

kind and n,objects of anotherkind, when all are taken at a time is n!

n,!n,!
Proof.Let us assume thatthe number of required permutations be K. Now

single particular permutation of these K permutations,,in whichn,objects of one
kindisfollonbyn,objects ofother kind.

Conside

Also, assumethat alln, object are distinct from alln,objects.

So, number of permutations of n,objects taken all at atime ="p.

Also, the number of permutations of n, objects taken all at a timeis=P=
By thefundamental principle of counting,theseK permutations will give rise ton i

permutations by arranging theobjectsof one kind within the places occupied by them

Therefore, K permutationswill give rise to K.n, !n,!permutations.
For ndistinct objects, the number of permutationsis ="P,=n!

Therefore, Kxn,ln,!=n!

K=
n!

n n,!
This resultcan be generalisedas follows :

Ifn, objects are of one kind, n, objectsare of second kind, n,objects
areof third

k

and soon upto n, objects areofthtypeisgiven by

n, In,tn,1..n, 1

n!
Here n,+n,+n,t+4



TECHNICQUES

251

Example

23. Determine
thenumber of permutationsthat can be made out of the letters

PROGKAMMINC

There
are

1]letters in the word PROGRAMMING'out ofwhich G's and M's and

Sol.
T

The.
total

number
of permutations is

11! 11x 10 x9x8x7x6x5x4x3x2!
2!x 2!x 2! 2x 1x2x 1x2!

=4989600.

Determine

all the different permutations.
Example

e24.There
are4blue,3redand2 blackpens in a box. These are drawn one by

Sol.

There
are total

9 pensin the box out of which 4 are blue, 3 are red and 2 are black.

The
total
|number of permutations

is

9! 9x8x7x6x5x4!

4!x3!x 2! 4!x3x2x 1x2x1 =1080.

Example
25.How many different variable names can be formed by usingthe letters a, a,

Sol.
There

are total
10lettersout of which 3are a's, 4 are b's andthere are 3 c's.

Total number ofpermutations
is

10! 10x9x8x7x6x5x4!
3!x4!x3! 3x2x 1lx4!x3x 2x1

= 10 x3 x 4x7x 5 =4200.

Esample 26. Howmany 7-digits numbers can beformed using digits 1,7,2, 7 6 7.,6?

Sol. There are total 7-digits out ofwhich3are 7's and 2are 6's.

Total number ofpermutations
is =

7!

3!x2!
=420.

PERMUTATIONS WITHREPEATED
OBJECTS

Theorem V. Prove thatthenumber ofdifferent permutations ofn distinct objects taken

rat atime when every objectisallowed to repeatany number oftimes isgiven by n'.

Proof. Assume thatwith n objects we have to fill rplacewhen repetition of objectsis

lowed.

Therefore, the number of ways offilling thefirst place is =n

Thenumber of ways offilling second plaçe n

Thenumber of waysoffilling rth place =n

nus,the total number of ways offilling r placeswith n elements is

=n.n. n. n. ..... rtimes=n.
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STUCTUBhen npetition ofdgits isalloued.

Sel.Wehave 4-digits

Example 27, Hoe many d-digi numbers can be formed by
usingthe

digits 2,4,6
Se,numberof ways of flling unit's place =4
Number ofways offlling ten's place =4.

Number of waysof iling hundred's place =4.

Number ofways of fllingthousand's place= 4.

Therefere, the totalnumber of 4-digits numbers is

-4x4x 4x4= 256.

Example28. Hote many 2-digits even numbers can beformed by
usingthe

digits
1,3,

6,8hen repetitionofdigitsisallowed.

Sol.Wehave three even numbers and two odd number.

Thus,numberof ways of flling unit's place =3.

Number of ways of filling ten's place= 5.

Total number of twodigits even numbers =3 x 5= 15.

Example 29. In how many ways can 5 software projects be allotted to6
final

yearst

dents ehen all the5projectsare not allotted to thesamestudent.
Sol.Wehave 5projectsand 6 students.

Each projectsean be allotted in 6 ways.

Thus,the number of waysofalloting5projectsis=6 x6 x6 x 6 x 6=65
Number of waysin which all projectsallotted to same student is =6.

Therefore, total number of ways to allocate 5 projects to 6 students is = 6 -6=7770
CIRCULAR PERMUTATIONS

The cireular permutations are the permutations of the
objeets placed in a circle. Consider the lettersk, l, m,n, oplaced
along the circle as shown in Fig.1.

If weplaceletters linearly,there are fivedifferentpermu
tations ie., k, L,m,n,o;,m,n,o, k;m,n, o, k,;n, o, k, l, m ;o,
Lm n, butthereisonly one circularpermutation k, ,m, n,o.

Therefore, thereisno starting and ending in circular permuta
tion Weonly consider the relativepositions.

Theorem VL.Prove thatthenumber of circularpermuta
tions of ndifferentobjectsisn-1) !. Fig. 1.

Proof. Let usconsider thatK be number of permutations required.
For each such cireular permutation of K, there are n corresponding linear permuttions.Asshown earlier,we start from every object of n object in the circular permutatioThus, for K circularpermutations, we have K.n linear permutations.

Therefore, Kn=n! or K=
n
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K= nx(n-D!
n

K=(n-1)!

Hence
proved.

Brample

30.In how manyways can theseletters a,b, c, d, e,fbe arranged in a circle ?

SoL
There

are 6 letters and hencethe number of ways to arrange these 6letters in a

=(6-1)!=5!=120.

Example
331.In how many ways10programmers can sit ona round table to discussthe

that
project

leader and a particularprogrammer always sit together.

Sol.
There

are total 10 programmers but project leader and a particularprogrammer

rays
sit

toggether.
So,both

become a singleunit and hence there are(10-2+ 1)=9remains.

Thus,
these

9 units can be arranged on round tablein(9-1) !ways.

Thetwoprogrammers
i.e., project leader andaparticular programmer can be arranged

2/ways.
Therefore,

the total
number of ways in which 10 programmers can siton a roundtable

=(9-1) !x 2! = 8!x 2!=80640.

Example
32. Determine the number of ways in which 5 software engineers and 6

ectronics

engineers
can be sitted at a roundtable sothat notwo software engineers can sit

Ayther.
Sol.

There are 6 electronics engineersthat can be ar-
E E

Anged
round

a table in (6-1)! ways.There are 5 software

gineers

andthey
are not to sittogether so we have six places

S

rsoftware
engineers

and can be placedin 6!ways asshown

Fig.2.

E

Therefore,
total number of ways to arrangetheengi-

ersonaround
tableis

S

= (6-1) !x 6 !=5!x 6!
=120 x 720

E E
S

=86400. Fig.2.

COMTBINATION

A combination is a selection of someor all, objects fromn a set of given objects, where

der ofthe objects does not matter.Thenumber ofcombinationsofn objects,taken rat a time

#7epresentedby "C,or C(n, r).

Theorem VIL. The number offcombinations ofn differentthings, taken rat a time is

fien by

n!
lin-pZr21.



Proof. The number of pernutations of n different

Lhings,
takenrata

Une

DISCRETE

MATHEAATIGS
ANOnl

Asthere is no matter about the order of

arrangement of the
objects.

Uheretore,

eombination ofr things, there are
rarrangemnents L.e.,

P,=rtC, or nl
nt (n-r)lr ner

Theorem VIlII. Proethatthe number of

combinations of n
things

taken
allatatn

Thus, "C, (n-)tr!

one.

Proof.Weknow that

nl n!

nC,n-n)ln! 0!n1
Theoren IX. Proue thatthe number of

combinations of nthings
taken

roneat
atirm

Proof.We know that

C
n! n! n!

(n-0)!0! n!0! n!1
Theoremn X Prouethat"Ca-="C,n2r21.

Proof.Weknow that

n!
n!

C-n-n-r)t (n-r)! (n-n+r)!(n-r)!n!

F1n-r)i="C

Example 33.Determine the value of following

C ()Cs (iüt)52C,
(iv)20C

Sol.()C= 10! 10x9x8x7x61
= 10×3x7=210.(6)1x(10-6)1 61x4x3x2x1

)
45!x(50-45)!

50! 50x 49 x48x47x46x 45!
45!x 5x 4x3x2x1 -2118760.

521 52x51x 50x49x48!
4fx(52-4) 4x3×2x1x 48!

=270725.

20 20x19 x 18 x 17x16x15x 14x 13x 12 x 11x 10!
10!%(20- 10)! 10!x 10!

184756.

Example 34.Determine thevalue ofn if

(i)C.= 10
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n! nl

4xn-4)! 31(n -3)1

n! 4!x(n -4)| 4x31x(n-4)!

n! 3!x (n-3)! 3!x (n-3) x(n-4)!

4

1n-3
n-3=4

n=7.

nC,-2=10

() n! =10 or
n!

(n-2)![n
-(n-2))|| (n-2)!x2!

=10

Thus

nx(n-Dx
(n-2)!

(n-2)!>x
2!

=10

nx(n-1) =10 x 2!

n'-n-20 =0
n=-4,5. Since -4is not possible, hence n =5.

20C,+ =C�n-1

Therefore,
wehave either

n+2=2rn -1 or (n +2)+ (2n- 1) =25

-n=-3 or 3n=24

n =3 n=8

n=3, 8.

Example
35. How many 16-bit strings are there containingexactlyfive O's? O

Sol. A 16-bit
string having exactly five 0's is determined if we tell which bits are 0's.

is can bedonein °C;ways.

Therefore, thetotal number of16-bitstringsis

16!

=l°Cg=5lx(16 -5)!

16x 15x 14 x 13 x 12x 11!

5x4x 3x2x 1x 11!
= 4368.

Example36. How many ways can we select a softwaredevelopment group of 1 project

ader,5 programmers and6data entry operatorsfrom a group of5project leaders,20 pro

unmers and25data entry operators ?

Sol. There are 5 project leaders out ofwhich one can be selected in C,ways.

There are 20 programmersout of which five can be selected in 2C ways.

There are 25 dataentry operators out ofwhich sixcan be selected in C Ways.

Therefore,the total number of ways to select the software development group is

=C,x 20C,x 25C,=96101544000.

255
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STRRUCT
Beaple 8t, Aro programmers

in Aoy many wayscan 5 be

selected
whenialAatilarpgamer

is inctuded every time,

AJtelarpgnerisnot ncluded ot oll

d We have te select 5 programmners
fromn the 10

programmera, So,
the

nunb
e elecethem

in C

10x9x8x7x6 x 5110!

5lx10-5)1 5x4 X3 x 2x1x 6

-252.

particelar
programmer is included every timethen

he

remainingprgammers
CRn beselected

from theremaining = 10-1=9
programmers.

Thise

a When

dane inC,wy 91 9x8x7x6x 5!
4(9-4)! 4x3x2x 1x 5! 126.

h) When a particular programmeris not included at all, then the
five

programmerweleeted from the remaining 10-1=9programmers.

This can bedone inc,ways
9! 9x8x7x6x5x 4!

51(9-5)! 5x4 x3x 2x 1x41 =126.

fhed

THE PIGEONHOLE PRINCIPLE

assigned to m pigeonholesTheorem XL Show that if n pigeons are
and

m<n,t
here is at least one pigeonholethatcontains two or more pigeons.

Proof. Let us label the n pigeons with the numbers 1 throughnand the m
pigeonh

with the numbers 1through m. Now starting with pigeon l and Pigeonhole 1,
assign e

eon in order tothe pigeonhole with the same number. So wecan assign as
many

pgeons
possible to distinct pigeonholes, but as weknow that pigeonholes are less than

pigeons
cn Thus,there remainsn-m pigeons thathave not yet been assigned toa

pigeonh
Hence. thereis atleast one pigeonhole that will be assigned a second pigeon

Example 38. Show that if any four numbers from Iito 6 are chosen, then
tuwo of

then
ll add to 7.

Sol. Makethree sets containingtwo numbers whose sum is 7.

A=(L,6), B=(2,5), C=(3,4).The fournumbers that will be chosen assigned to

chat contains it

As there are only three sets,twonumbers that arechosen is from the sameset wh

sm is7.

Example 39.Shouw that atleasttwopeople must have their birthday in the same mo

W13peopleareaesenmbled inaroom.

Sol. We asigned each personthemonth oftheyear on which he was born. Sinceth

are 12 months in ayear.

Sa, scoording topigeonhole prineiple,there must be atleast two people assignedto

88me month.
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Example

40.8ho
thatifeny eight veintegersare ehen,tuo fthem idlhes

dr
hen

dieided
by 7

Take
anyeight

eve integers.When these aredividedbry 7each haveoeremai

there
areeight

integers and only seven distinct remainders becasse smber 7 esn

ste
nl

pemainders,
sotwo ve integers must have sarieremainder

TENDED

PIGEONHOLE
PRINCIPLE

ttates
that if

n pigeons are assigned to n pigeonholes (The number of pigeons i

large
than

the number

1Vmj
1 pigeons,

of pigeonholes), then one of the pigeonholes must eontain at

Theorem
XI Prove that extended pigeonhole principle.

Proot
We can provethis

by the method contradiction. Assume that each pigeon-

ldes
not

contain
more than (n -1V m) pigeons. Then, there will be at most naln- 1Vml

n-lpigeons
in all. This is in contradictionto our assuptions. Hence, for

pigeonholes,

one of these must contain atleast [ln - 1Vm] + 1 pigeons

Example
41.Show that if9 colours are usedtopaint100 houses, at least 12 houses oill

thesame
colour,

K4il 2

Sol. Let
us assume

the colours be the pigeonholes andthe houses the pigeons. Now

0 pigeons
are to be assigned to 9 pigeonholes. Using the extended pigeonhole principle,

+1, where n = 100 and m = 9, we have [(100-1V9| + I=12. Thus, there are

Phouses

ofthesame
colour.

SOLVEDPROBLEMS

Problem 1. How mnany different8-bitstrings
aretherethatend with 0111 2

Sol. An 8-bitt strings that end with 011l can be constructed in 4 steps L.e.,

Byselecting
Ist bit,IInd bit, IIIrd bit andIVth bit and each bit can be selectedin 2 ways.

Hence,thetotal no., of 8-bit stringsthat end with 0111 is

=2.2.2.2=24

Problem 2. How many 2-digitsnumbers greater than 40can be formed by using the

is1,2,3,4,6, 7

(a) When repetition isallowed (b)When repetition is not allowed.

Sol.(a)When repetitionis allowed

We have tofind thenumbers greater than 40. Therefore,

Ten's placecan be filled up by 3ways.

Unit's place can be filled up by 6 ways.

The total number of 2-digitsnumbers greater than 40 is =3 x 6=18.

b) Whenrepetition is not allowed

Ten'splace can be filled up by3 wayS.

Unit'splace can be filled up by 5ways.
The total number of 2-digits numbers greater than 40 is = 3x5= l5.
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Preblem 3.ow many wordscan be
constructed ofthree

English

alphabets

DISCRETE
MAT

HEMATIGS
AND

When repetitioh of alphabetsisallowed
(5 When vepetition isnotallowed.

Sol. There are 26 alphabetsin English.
Therefore,(a)When repetition is allowed

First alphabet of word can be selected in 26
ways.

Secondalphabet of word can be selected in 26ways.Third alphabet of word can be selected in 26ways.Hence,tetal number of words ofthree alphabets
constructed is

- 26x26x 26 17576.
(b)When repetition is not allowed

First alphabetof word can be selectedin 26 wavs.

Hence, the total number of words of three
distinct

alphabets is=26x25x2A=1

Secondalphabet of word can be selected in 25 ways.Third alphabet of wordcan be selectedin 24 ways.

Problem 4. Show that0l=1.

Sol.We have

"P,=
n!

(n-r)!

Now putr=nin equation (i), we have

"P,=
n!

(n-n)!

nl=
n

0!

0!=
n!

n!

Hence0l=1,

Problem 5.There are n objects out of whichrobjects areto be arranged. Find
Bumberof permutationswhen

(a)fourparticularobjects always occur.

(6)fourparticularobjects never occur.

Sol. (a) Number of waysto arrange first object=r

Number of ways to arrangesecond object=r-1
Number of ways to arrangethirdobject=r-2

Number of ways to arrange fourth object=r-3
Number of ways to arrange remaining n - 4 objects takingr- 4 at a time=-P.

Therefore,the total number of permutation when four particular objects
always

oc

1Using first principle
ofcoun

t6)There are four particular objects which never 0ccurin any arrangement.

Hence
rr-1)(r-2)(r-3) -P

Bside thesefourparticularobjects.



hrs
we
have

tofind
the number of arrangements of n-4objectstaking r at a time.CVOUES

29

The
total

number
of arrangements is p

6.Hoemany
permutations can be made out of the letters of the word "Basic"!

aSand
Coccupy

theend places?

(i)endwith C?

ol.
There

are
6lettersin the word Basic' and allare distinct.

The
number

of permutations
of these letters is

5=5x 4 x 3x 2x 1=120.

OFermutations

which begin withB

Tefirst
tposition

can befilled in only one way i.e., B and theremaining 4 letters can be

din4/ways,

Total
number

of permutations starting with B is = 1 x 4! =24.

DPermutations

which end with C

The
first

position
can be filledin only one way i.e., Cand the remaining4 letters can be

edin4!ways,

Total numberofpermutations
ending with C is

= 4!x1=24.

Permutations
in which B and C occupy end places

Band C occupy
end positions in:2!ways i.e., B, C and C, B andthe remaining 3letters

arranged
in3!ways.

Total number of permutations in which B andCoccupyend places in

-2!x3!=12.

Problem 7. Show that "C,+ "C,-,=*C,,where n 2r2land n and r are natural

Ts.

Sol. Take L.H.S. of equationi.e.,

n! n!

C,+ "C,-1rlx(n -)!r-D!x(n -r+ 1D!

n! n!

rlr-)!x (n-r)! (r-1)! x(n-r+ 1)n -r)!

n!x(n-r+1) +n!xr n!x(n-rtl+r)

r(r- 1)!x(n-r)!x(n-r+ 1) r!x(n -r+)!

nlx(n+1)

rlx(n-r+
DI="*C,

Besoeproved.

Problem 8. Inthe'DiscreteStructures Paper thereare& questions.In how many ways
aminer select five questionsin all iffirst questionis compulsory.

Sincethefirst question iscompulsory,the examiner has toselect 4 questions from
aning7

guestion8,



280 DiSCRET
MATHEMATICS

AND
BTUeTherefure the number of waysto select 6questions is 0,

71 tx6x6x4
36.4N7-0)-4NAX2XI

Problem Determine the number of trianglesthat areformed by
selecting

poine
asetof5points eut ofuhich &arecollinear

Sol. When we take allthe 18 points,the number of trianglesfoformedis

lost.

As & points lie on the samne ine,they do not form any triangle. Thus, C,
triang

Thetotal number of trianglesproduced is

3x(15-3)1

151

31(8- 3)

81 15x 14 x 13 x 121
8x7x3x 121

3x2x15 x 14 x 13 8x7x6
910-56 854.31 3x2x 1

Problem 10. How many linescan be drawn through 10points on a cirele

Sol. As all the points onthe cirele are not collinear. Thus, no lines will Lok

The totalnumber of linesdrawn through a circle is =l0C,

10! 10x9x8!
2!x (10-2)1 2x 1x 8! 45.

Problem 11. Determine the number of diagonals that can be drawn byjoining theof octagon.

Sol. The number of lines thatcan be formed by joining 2 out of8points is =

8x7
=282

Out ofthese28lines,the 8are sides of the octagon.

The number of diagonals is=28-8= 20.

Problem 12.Inashipment, there are40floppy disks of which 5aredefective. Do

fa) inhow manywayswe can selectfivefloppy disks ?

(6)inhoo many wayswecan selectfivenon-defective floppy disks ?

(c)in how many ways wecan selectfivefloppy disks containing exactly thre d

loppy disks ?
(d)in howmanywaysvecan selectfivefloppy disks containing at least 1 defecti

disks ?

Sol. (a)There are40floppy disks out ofwhich we have to select5floppy disks

can bedone inC, ways i.e.,

40! 40 x 39x 38x 37x36 x35!
-658008.

5!(40-5)! 5!x35!

(b)Thereare40-5=35 non-defective floppy disks out of whichwehave to select

can be done in C ways.

35! 35x 34 x 33x 32 x31x 30!

51(35 5)! 5x4x3x2x1x30!
-324632.
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To
select

exactly
three defective floppy disks out of total5we have C, ways and the

ejning

2loppyo
disks can be selectedin C, ways.

Theretore,

thetotal
number of ways to select 5floppy disks out which exaetly 3 are

5! 35! 5x4x3 35x34331

31(5-3)! 21x(35-2)! 31x2x1 2x1x 33!

5950.

There
are five

defective floppy disks out of which at least 1 must be selected.

that
the

total
number

of ways to select 5floppy disks out of total 40disks is = 0C

We

Also,
thenumber

of ways toselect 5floppy disks with number one defective is

Therefore,

the total
number of ways to select 5 floppy disks out of which at least one is

eetive
is =40C-35C,=611625.

Problemn

13. Seven members ofafamily havetotal Rs. 2886intheir pochets. Show that

aast
one

ofthem
must have at least Rs. 416 in his pochet.

Sol.
Let us

assume
the members be the pigeonholes and the Rupees the pigeons.Now

N5pigeons
aretobe

assigned
to7 pigeonholes. Using the extended pigeonhole principle,

here
n=2886

and m =7, we have ((2886- 1)/7] + 1 = 416. Hence,there are 416 Rupees in one

mber's
pocket.

K+|416
425K7tI -

Problem
14. How many people must you have to guaranteethat at least 9 of them will

ebirthdays
in thesame

day of the week.

Sol. Let us assume
the days of week the pigeonholes and the people the

pigeons. Now

hare 7pigeonholes
and we have to find pigeons. Using the extended pigeonhole principle,

have (n- 1)7]+1=9
(n-1)/7] =9-1l = 8

n-l=8x7
n=56+1= 57.

Thus, theremust be57people toguaranteethat atleast
9ofthem will have birthdays in

Sameday of theweek. Ktl:9 K-B

Kmtl
56tl=57


